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neutron stars 
A neutron star is born when a medium-
weight star runs out of nuclear fuel and 
collapses under its own weight. 
  
Once the dust from the supernova 
explosion has settled the remnant can 
usually be seen as a radio pulsar.  
  
In addition, there are accreting neutron 
stars in LMXBs, strongly magnetized 
magnetars, isolated neutron stars… 

With a solar mass compressed inside a radius of about 10 km, a neutron star 
represents much extreme physics that cannot be tested in the laboratory. 
 
In this talk I will discuss (some of) the different ways that neutron star 
observations constrain our understanding of fundamental physics.  
 



theory challenge 
Neutron star modelling is difficult because these systems involve extreme physics 
that cannot be tested in the laboratory. 

For any proposed model/scenario you 
need to ask what is included and what is 
not! 

 

 

Neutron stars may emit “detectable” 
gravitational waves through a variety of 
scenarios; 

-  merger (tidal interaction) 

-  crust/core deformations (mountains) 

-  oscillations/instabilities 



pulsar primer 
The most precisely determined 
parameters are the spin and the 
accompanying spin-down rate.  

Different classes of neutron stars 
populate different parts of the P- 
P-dot diagram. 

Infer the star’s magnetic field (or 
the star’s “age”) 

 

Sanity check is provided by the 
second derivative, leading to the 
“braking index”.  

Many young systems exhibit spin 
variability and glitches. 0.001 0.01 0.1 1 10
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Fig. 1.— P–Ṗ diagram for all known magnetars and young pulsars having Ṗ > 1.65×10−15.
Lines of constant magnetic field are dashed and lines of constant characteristic age are

dotted, with a slope of 1. Open arrows indicate the motion of those pulsars with published
values of braking index (Table 1). Each arrow represents the projected motion of the pulsar

during the next 10, 000 yr (excepting the one for PSR J0537−6910, for which only 2, 000 yr
was used), assuming that it evolves with a constant braking index n. Equal logarithmic scales
are chosen, so that a pulsar will move with a slope of 2-n. The motion of PSR J1734−3333

is represented by a closed arrow. Objects which have robust proposed associations with
supernova remnants or pulsar wind nebulae are identified with a surrounding large square,

with smaller squares for less convincing associations. White triangles are used for the radio
emitting magnetars. The Ṗ value of the SGR with the lowest Ṗ corresponds to an upper

limit (Rea et al. 2010). Inset: the pulsar’s motion in P–Ṗ space over a 13.5-year period using
equal logarithmic scales, but magnified by a factor of 4,000. Major ticks are separated by
5×10−4 s on the horizontal axis, and by 3×10−4 on the vertical axis. Each data point in the

inset is the result of a fit of P and Ṗ to a 1500-day interval set of times of arrival. The error
bars are the standard deviations (See section 2). Most of the information was taken from the

ATNF pulsar catalogue (version 1.39, http://www.atnf.csiro.au/research/pulsar/psrcat/),
or the McGill SGR/AXP Online Catalog as it was in November 2010

(http://www.physics.mcgill.ca/∼pulsar/magnetar/main.html).

[Espinoza et al 2011] 

For canonical magnetic dipole radiation, 
the braking index should be 3. Observed 
systems tend to deviate significantly from 
this. 

n<3 could be an indication of an increasing 
magnetic field (pulsars become magnetars 
as buried field emerges?) 

Alternative recent explanation: 

Young neutron stars have “evolving” 
regions of core superfluidity. 

If the superfluid “decouples” as the star 
evolves, then the observed component 
might be associated with less moment of 
inertia than commonly assumed. 
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Black hole? ⇒
Firm lower mass limit?⇒

M > 1.68 M⊙{
95% confidence

Although simple
average mass of
w.d. companions
is 0.27 M⊙ larger,
weighted average is
0.08 M⊙ smaller

Freire et al. 2007 { } w.d. companion?
statistics?

Champion et al. 2008

Demorest et al. 2010

J.M. Lattimer Neutron Stars

the mass 
Neutron star masses can be inferred 
from binary dynamics.  

The relevant “mass function” involves 
the mass ratio and the inclination so… 
need to understand the nature of the 
companion. 

Eclipsing systems are ideal… 

The inferred masses tend to lie in a 
relatively narrow range, around 1.4 
solar masses. 

Most of these systems do not constrain 
nuclear physics severely.   

There are, however, exceptions…  

[courtesy Jim Lattimer] 



PSR J1614-2230  
A 3.15 ms pulsar in an 8.69d orbit with an 0.5 solar mass white dwarf companion.  

Observed Shapiro time delay yields edge-on inclination, sin i = 0.99984.  

The inferred pulsar mass is 1.97 ± 0.04 M . 

This pressure variation accounts for the nearly
50% variation in predictions of neutron star
radii (27).

A potential constraint on the EOS derives
from the rotation of neutron stars. An abso-
lute upper limit to the neutron star spin fre-
quency is the mass-shedding limit, at which
the velocity of the stellar surface equals that
of an orbiting particle suspended just above
the surface. For a rigid Newtonian sphere,
this frequency is the Keplerian rate

vK ! (2")#1!GM/R3 !

1833$M/MJ)1/2(10 km/R)3/2 Hz (3)

However, both deformation and GR effects
are important. A similar expression, but
with a coefficient of 1224 Hz and in which
M and R refer to the
mass and radius of
the maximum-mass,
nonrotating configu-
ration, describes the
maximum rotation
rate possible for an
EOS (26, 28, 29).
We have found that
Eq. 3, but with a co-
efficient of 1045
Hz, approximately
describes the maxi-
mum rotation rate
for a star of mass M
(not close to the
maximum mass) and
nonrotating radius R
independently of the
EOS. The highest
observed spin rate,
641 Hz from pul-
sar PSR B1937%21
(30), implies a radi-
us limit of 15.5 km
for 1.4 MJ.

Internal Structure
and Composition
A neutron star has
five major regions:
the inner and outer
cores, the crust, the envelope, and the atmo-
sphere (Fig. 3). The atmosphere and envelope
contain a negligible amount of mass, but the
atmosphere plays an important role in shap-
ing the emergent photon spectrum, and the
envelope crucially influences the transport and
release of thermal energy from the star’s sur-
face. The crust, extending about 1 to 2 km
below the surface, primarily contains nuclei.
The dominant nuclei in the crust vary with
density, and range from 56Fe for matter with
densities less than about 106 g cm#3 to nuclei
with A & 200 but x & (0.1 to 0.2) near the
core-crust interface at n ' n0/3. Such extremely

neutron-rich nuclei are not observed in the lab-
oratory, but rare-isotope accelerators (31) hope
to create some of them.

Within the crust, at densities above the
neutron drip density 4 ( 1011 g cm#3 where
the neutron chemical potential (the energy
required to remove a neutron from the filled
sea of degenerate fermions) is zero, neutrons
leak out of nuclei. At the highest densities in
the crust, more of the matter resides in the
neutron fluid than in nuclei. At the core-crust
interface, nuclei are so closely packed that
they are almost touching. At somewhat lower
densities, the nuclear lattice can turn inside-
out and form a lattice of voids, which is
eventually squeezed out at densities near n0

(32). If so, beginning at about 0.1 n0, there
could be a continuous change of the dimen-
sionality of matter from three-dimensional

(3D) nuclei (meatballs), to 2D cylindrical
nuclei (spaghetti), to 1D slabs of nuclei inter-
laid with planar voids (lasagna), to 2D cylin-
drical voids (ziti), to 3D voids (ravioli, or
Swiss cheese in Fig. 3) before an eventual
transition to uniform nucleonic matter
(sauce). This series of transitions is known as
the nuclear pasta.

For temperatures less than &0.1 MeV, the
neutron fluid in the crust probably forms a
1S0 superfluid (1, 2). Such a superfluid would
alter the specific heat and the neutrino emis-
sivities of the crust, thereby affecting how
neutron stars cool. The superfluid would also

form a reservoir of angular momentum that,
being loosely coupled to the crust, could
cause pulsar glitch phenomena (33).

The core constitutes up to 99% of the mass
of the star (Fig. 3). The outer core consists of a
soup of nucleons, electrons, and muons. The
neutrons could form a 3P2 superfluid and the
protons a 1S0 superconductor within the outer
core. In the inner core, exotic particles such as
strangeness-bearing hyperons and/or Bose con-
densates (pions or kaons) may become abun-
dant. It is possible that a transition to a mixed
phase of hadronic and deconfined quark matter
develops (34), even if strange quark matter is
not the ultimate ground state of matter. Delin-
eating the phase structure of dense cold quark
matter (35) has yielded novel states of matter,
including color-superconducting phases with
(36) and without condensed mesons (35).

Neutron Star
Cooling
The interior of a proto–
neutron star loses ener-
gy at a rapid rate
by neutrino emission.
Within 10 to 100 years,
the thermal evolution
time of the crust, heat
transported by electron
conduction into the in-
terior, where it is radi-
ated away by neutrinos,
creates an isothermal
structure [stage (V) in
Fig. 1]. The star contin-
uously emits photons,
dominantly in x-rays,
with an effective tem-
perature Teff that tracks
the interior temperature
but that is smaller by a
factor of &100. The
energy loss from pho-
tons is swamped by
neutrino emission from
the interior until the star
becomes about 3 ( 105

years old (stage VI).
The overall time

that a neutron star will
remain visible to terrestrial observers is not yet
known, but there are two possibilities: the stan-
dard and enhanced cooling scenarios. The dom-
inant neutrino cooling reactions are of a general
type, known as Urca processes (37), in which
thermally excited particles alternately undergo
beta and inverse-beta decays. Each reaction
produces a neutrino or antineutrino, and
thermal energy is thus continuously lost.

The most efficient Urca process is the
direct Urca process involving nucleons:

n3 p % e ! " v̄e, p3 n % e% % ve

(4)

Fig. 2. Mass-radius diagram for neutron stars. Black (green) curves are for normal matter (SQM)
equations of state [for definitions of the labels, see (27)]. Regions excluded by general relativity
(GR), causality, and rotation constraints are indicated. Contours of radiation radii R) are given by
the orange curves. The dashed line labeled *I/I! 0.014 is a radius limit estimated from Vela pulsar
glitches (27 ).
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A maximum mass near 2 solar 
masses “rules out” several 
proposed equations of state.  

The presence of softening 
components like hyperons or 
deconfined quarks becomes 
“problematic”.  

However, the “next generation” 
of nuclear physics models may 
resolve this issue, so it is too 
early to draw definite 
conclusions. 

[courtesy Lattimer & Prakash] 

J1614-2230 



mergers 

The deviation from point-mass dynamics 
becomes important at the late stages of 
binary inspiral.  

The star’s deformability, encoded in the 
so-called Love number, may lead to a 
distinguishable secular effect; 

 

 

However, this effect and the final  
“ringdown” signal are likely to require 
detectors like the Einstein Telescope… 
 

Binary systems are (obviously) important for gravitational wave astronomy.  

Can we expect to learn anything beyond individual masses and perhaps 
spins? 

 



the crust yields 

Penner et al 3

The Love number is calculated numerically as a prop-
erty purely of the stellar model, and the amplitude of
the associated perturbation is parameterised by aP , ei-
ther in terms of the binary separation, or the associated
gravitational-wave frequency:

aP = 6π2

√

4π

5

G2M2Mcomp

c6Mtotal
f2
GW (17)

Note that, for given stellar masses the tidal deformation
scales as the square of the gravitational-wave frequency.

4. RESULTS

We have generalised the numerical framework of
Penner et al. (2011) to allow for realistic equations of
state for both the crust and the star’s core. We present
results for stellar models that combine the Akmal et al.
(1998) equation of state for the core fluid with the results
of Douchin & Haensel (2001) in the crust. These mod-
els are state-of-the-art for this problem, but it should be
noted that we have not accounted for the (likely) pres-
ence of nuclear pasta in the inner crust. A sizeable pasta
region could have significant impact on the results, but
we do not yet have a sufficiently detailed equation of state
representing this possibility.

10 12 14 16
R  (km)

0

0.5

1

1.5

2

2.5

 M
  (

so
la

r m
as

se
s)

0.1 0.2 0.3
 M/R

-0.05

0

0.05

0.1

1.97

1.4

k2

!k2 /k2
 fluid

Figure 1. Left panel: Mass-radius relation for our sequence of
stellar models, demonstrating consistency with the observational
constraints of Demorest et al. (2010) (upper dashed horizontal line)
and Steiner et al. (2010) (grey region). Right panel: The Love
number k2 (upper curve) as a function of the stellar compactness
M/R; cf., the pure fluid results in Fig. 1 of Hinderer et al. (2010).
We also show the relative influence of the crust on the tidal de-
formability, represented by ∆k2/kfluid2

(lower curve); this is similar
to the results of Penner et al. (2011). The compactness of the
1.4M! model considered in Fig. 2 is indicated by a vertical dashed
line.

The chosen core equation of state is sufficiently stiff to
satisfy constraints from observations (cf., the left panel
of Fig 1). It allows for neutron star masses at least as
large as 2M!, in agreement with the observed 1.97M!

mass of PSR J1614-2230 (Demorest et al. 2010). It also
satisfies the radius constraint from X-ray burst sources,
i.e., that a star with mass of 1.4M! should have a radius
in the range 11–12 km (Steiner et al. 2010). The elastic
properties of the crust do not affect the equilibrium con-
figurations since we assume the star is relaxed at large
binary separations.
Given this equilibrium configuration, we have calcu-

lated both the Love number k2, and the fractional differ-
ence ∆k2/kfluid2 = (kcrust2 −kfluid2 )/kfluid2 between the Love
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Figure 2. The gravitational-wave frequency (in Hz) at failure
for different locations in the crust of a 1.4M! neutron star. The
result, which is obtained by comparing the von Mises strain to the
breaking strain of Horowitz & Kadau (2009), corresponds to an
equal-mass binary. The vertical line near 11.15 km indicates the
location of neutron drip in the star.

numbers for an elastic star and the equivalent purely fluid
star (see Penner et al. (2011) for details). The results are
shown in the right panel of Fig. 1. They can be compared
to, first of all, the fluid star results of Hinderer et al.
(2010) and secondly the results of Penner et al. (2011)
for the magnitude of the crust effects. Based on these
comparisons, the present results are not surprising.
We have also evaluated the von Mises stress associ-

ated with the tidal perturbation. By comparing the
result to the anticipated breaking strain ubreak ≈ 0.1
(Horowitz & Kadau 2009), we can infer when different
parts of the crust fail during binary inspiral. A typical
result is shown in Fig. 2, providing the gravitational-wave
frequency at failure throughout the crust for a 1.4M!

star (in an equal-mass binary). The result is not trivial,
owing to both the nonlinear combination of perturbed
quantities that enter the von Mises stress and the asso-
ciated angular functions.
The large variation in the crustal strain implies that

failure will occur at different stages during inspiral. From
Fig. 2 we see that the outer crust (roughly up to neutron
drip, corresponding to r ≈ 11.15 km in Fig. 2) fails fairly
uniformly when fGW ≈ 200 Hz. Meanwhile, failure of
the bulk of the inner crust requires fGW ≈ 600− 800 Hz,
a factor of two or so below the ISCO frequency (see equa-
tion (10)). However, there are also macroscopic regions
in the inner crust that will not fail before merger. These
results improve upon the estimates from section 2, show-
ing the rich structure of the realistic calculation, with
failure occurring at different stages at different depths.

5. IMPLICATIONS

What happens when the crust fails? Again, key in-
sights are provided by the molecular dynamics simu-
lations of Horowitz & Kadau (2009). The indications
are that when the critical strain is reached, there is a
catastrophic failure, with energy released throughout the
strained volume, rather than the formation of a lower-
dimensionality crack. What happens next is less clear.
Two extreme scenarios can be envisaged: the relieved

During inspiral strains builds in 
neutron star’s crust.  

Crust yielding, leading to the release of 
built-up strain, may trigger an 
observable electromagnetic counterpart 
to the merger. 

This could release as much as 1046 erg, 
so a signal might be visible out to/
beyond 100 Mpc) with current 
instruments. 

Are fundamental physics aspects detectable or hidden in the fineprint? 

At what point during inspiral does it matter that a neutron star is not a 
“perfect fluid”? 

Final merger provides “standard model” for short gamma-ray bursts… 

 

 

 



Three events to date; 

—  March 5, 1979: SGR 0526-66 

—  August 27, 1998: SGR 1900+14 

—  December 27, 2004: SGR 1806-20 

Observed quasi-periodic oscillations provide 
first evidence of neutron star oscillations and 
opportunity for asteroseismology. 

Note: The crust oscillations hardly emits 
gravitational waves! 

Magnetars (SGR/AXP) are neutron stars with 
superstrong magnetic fields: B ~ 1015 G, P ~ 1-10 s 

Field decay powers regular gamma-ray flares.  

On rare occasions magnetars emit giant flares. 
Thought to result from crust fractures leading to a 
rearrangement of the magnetic field. 

 

magnetars 

Neutron Star Seismology

Strohmayer & Watts (2005)
Samuelsson & Andersson (2006)
Lattimer & Prakash (2006)

fn=0 ∼ vt/R∞
fn>0 ∼ vr

1−2β
∆ ∼ vr

M
R2(H−1)

J.M. Lattimer, Neutron Stars and Gamma Ray Bursts, 31 March 2009 – p. 23/28



ter quantities, and Teff,!, are redshifted from
the neutron star surface, where the redshift is
z " (1 # 2GM/Rc2)#1 # 1. For example,
Teff,! " Teff/(1 $ z) and F! " F/(1 $ z)2. As
a result, the so-called radiation radius R!, a
quantity that can be estimated if F!, Teff,!,
and d are known, is defined to be R! " R(1 $
z). R! is a function of the mass and radius of
the neutron star, but if redshift information is
available, perhaps from spectral lines, M and
R could be separately determined. Indeed,
observation of spectral lines has been report-
ed from 1E 1207.4-5209 (48) and EXO 0748-
676 (49), but the identifications of the lines
are controversial (50), with redshifts ranging
from 0.12 to 0.35.

A serious hurdle in the attempt to deter-
mine R! and Teff,! is the fact that neutron
stars are not blackbodies (51, 52). The
star’s atmosphere rearranges the spectral
distribution of emitted radiation. Although
models of neutron star atmospheres for a
variety of compositions have been con-
structed, these are mostly limited to non-
magnetized atmospheres. Pulsars, however,
are thought to have magnetic field strengths
on the order of 1012 G or greater (44 ). The
behavior of strongly magnetized hydrogen
is relatively simple, but models of magne-
tized heavy-element atmospheres are still
in a state of infancy (53).

A useful constraint on models is provided
by a few cases in which the neutron star is
sufficiently close to Earth for optical thermal
emission to be detected (distinguished by
green boxes in Fig. 4). These stars have
optical fluxes several times less than what a
blackbody extrapolation from the observed
x-rays into the Rayleigh-Jeans optical domain
would imply. This optical deficit is a natural
consequence of the neutron star atmosphere
and results in an inferred R! greater than that
deduced from a blackbody. In most cases, a
heavy-element atmosphere adequately fits the
global spectral distributions from x-ray to
optical energies while also yielding neutron
star radii in a plausible range. However, the
observed absence of narrow spectral features,
predicted by heavy-element atmosphere mod-
els, is puzzling (54, 55). The explanation
could lie with broadening or elimination of
spectral features caused by intense magnetic
fields or high pressures.

Radius estimates from isolated neutron
stars, while falling into a plausible range, are
also hampered by distance uncertainties. Pul-
sar distances can be estimated by dispersion
measures (44), but these have uncertainties of
50% or more. In a few cases, such as Gem-
inga (56), RX J185635-3754 (57, 58) and
PSR B0656$14 (59), parallax distances have
been obtained, but errors are still large.

The recent discovery of thermal radiation
from quiescent x-ray bursters (involving neu-
tron stars in binaries) in globular clusters is

particularly exciting. At first glance, it seems
strange that neutron stars in globular clusters,
which are on the order of 10 billion years old,
could be hot enough to emit observable ther-
mal radiation. However, it is believed that
recent episodes of mass accretion from their
companions have been a literal fountain of
youth, replenishing their reservoir of thermal
energy (60). The measurements of radii from
these stars might become relatively precise,
especially if the distances to the globular
clusters in which they are found can be re-
fined. Values of R! in the range of 13 to 16
km have been estimated from the quiescent
x-ray sources in the globular clusters NGC
5139 and 47 Tuc (61, 62).

Theoretical cooling curves can be com-
pared to observations if ages for the thermally
emitting neutron stars can be estimated (Fig.
4). The best-determined ages are those for
which dynamical information, such as ob-
served space velocities coupled with a known
birthplace, is available. Characteristic spin-
down ages estimated from pulsar periods P
and spin-down rates Ṗ using %s " P/2Ṗ (44)
are less reliable. In the cases in which both
kinds of age estimates are available, they are
generally discrepant by factors of 2 to 3.

Theoretical cooling tracks, for a variety of
mass, radius, and superfluid properties, are rela-
tively narrowly confined as long as enhanced
cooling does not occur (43). These tracks are

mostly sensitive to envelope composition. When
enhanced cooling is considered, cooling tracks
fall in a much wider range (Fig. 4). Although
most observed stars are consistent with the stan-
dard cooling scenario, a few cases, espcially PSR
J0205$6449 in 3C58 for which only upper lim-
its to temperature and luminosity exist (63), may
suggest enhanced cooling. Uncertainties in esti-
mated temperature and ages have precluded de-
finitive restrictions on EOSs or superfluid prop-
erties from being made.

Glitches. Pulsars provide several sources
of information concerning neutron star prop-
erties. The fastest spinning pulsars yield con-
straints on neutron star radii. Ages and mag-
netic field strengths can be estimated from P
and Ṗ measurements. Another rich source of
data are pulsar glitches, the occasional dis-
ruption of the otherwise regular pulses (44).
Although the origin of glitches is unknown,
their magnitudes and stochastic behavior sug-
gest they are global phenomena (64). The
leading glitch model involves angular mo-
mentum transfer in the crust from the super-
fluid to the normal component (33). Both are
spinning, but the normal crust is decelerated
by the pulsar’s magnetic dipole radiation.
The superfluid is weakly coupled with the
normal matter, and its rotation rate is not
diminished. But when the difference in spin
rates becomes too large, something breaks
and the spin rates are brought into closer

Fig. 4.Observational estimates of neutron star temperatures and ages together with theoretical cooling
simulations for M " 1.4 MJ. Models (solid and dashed curves) and data with uncertainties (boxes) are
described in (43). The green error boxes indicate sources from which thermal optical emissions have
been observed in addition to thermal x-rays. Simulations with Fe (H) envelopes are displayed by solid
(dashed) curves; those including (excluding) the effects of superfluidity are in red (blue). The upper four
curves include cooling from modified Urca processes only; the lower two curves allow cooling with
direct Urca processes and neglect the effects of superfluidity. Models forbidding direct Urca
processes are relatively independent of M and superfluid properties. The yellow region encom-
passes cooling curves for models with direct Urca cooling including superfluidity.
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Cassiopeia A 
Observe 10 compact central objects; X-ray point sources in supernova 
remnants. Thermal spectra suggest these are young neutron stars with weak 
magnetic fields (no pulsations are seen). 

The Cassiopeia A remnant is the youngest in the galaxy (300 yrs). Best fit of 
spectrum, consistent with radius 11-12 km, suggests a Carbon atmosphere. 

Recent cooling data (temperature drops 4% in 10 yrs) constrains models. 

Cas A 

[adapted from Lattimer and Prakash] 

Need core proton pairing to keep 
the star hot initially (Tc well above 
109 K).  

Onset of core neutron superfluidity 
leads to rapid cooling due to Cooper 
pair breaking/formation. Infer 
critical temperature of 5-9x108 K. 

Best current evidence for neutron 
star superfluidity! 



glitches 
Many neutron stars are perfect 
“clocks”, but in some cases the spin is 
not quite so regular.  
 
“Glitches” have been observed in more 
than 100 systems (with the first Vela 
glitch seen already in 1969). 
 
Rich phenomenology! 
 
The underlying mechanism is not at all 
well understood. 
 
The standard model for large glitch 
events is based on transfer of angular 
momentum from a superfluid 
component to the star’s crust.  
 
Smaller events due to crust “quakes”? 

1690 C. M. Espinoza et al.

Figure 6. New glitches satisfying !ν/ν ! 30 × 10−9. Every glitch is shown by plotting the frequency residuals relative to a linear model fitted to pre-glitch
data (top) and ν̇ (bottom) against time. The time axis is measured in days, and day zero corresponds to the glitch epoch, which is indicated in MJD below the
pulsar name in each plot. There are two glitches in the top left-hand plot for PSR J0631+1036, at MJD 50608.277 and MJD 50729. There are three glitches
in the same plot for PSR J1841−0524, at MJD 53562, MJD 54012.88 and MJD 54503. There is no much data for PSR J1845−0316 around the glitch at
MJD 52128, so no good measurements of ν̇ are possible for this epoch. However, the glitch is easily identified in frequency data.

In Fig. 11(b), the percentage of ν̇ reversed by glitch activity
is plotted as a function of the slowdown rate. For pulsars with
low |ν̇| values, for which no glitch has been detected, the percent-
age was calculated using the same glitch spin-up rates estimated
for the upper plot. However, only the glitch activity correspond-

ing to one glitch with !ν = 0.0004 µHz falls below 1 per cent.
If estimated for a glitch activity produced by one glitch with a
frequency jump of 0.03 µHz, the amount of ν̇ reversed by glitch
activity rises up to more than 2 per cent, for log〈|ν̇|〉 = 0.018, and
about 25 per cent for the first bin. The fact that the percentage of

C© 2011 The Authors, MNRAS 414, 1679–1704
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the crust is not enough 
The standard view is that glitches are a manifestation of the (singlet) superfluid 
that permeates the star’s crust. This is motivated by the fact that the interaction 
with the crust nuclei may provide the require vortex pinning. 

For systems that glitch regularly, one can estimate 
the moment of inertia associated with the 
superfluid component.  

Observations suggest that up to 2% of the total 
moment of inertia must be involved.  

The crust superfluid model accords with the 
observations as long as we do not worry about the 
entrainment.  

When the large effective neutron mass in the crust 
lattice is accounted for,  we find that the core 
superfluid must also be involved. 

Constrains the (singlet) pairing gap... 

                            … and raises a number of issues. 

2

sents the charged component (including the elastic crust)
which is spun down electromagnetically. Labelling this
component by an index p, we have

IpΩ̇p = −aΩ3
p −Npin −NMF (1)

where the first term on the right-hand side represents the
standard torque due to a magnetic dipole (the coefficient
a depends on the moment of inertia, the magnetic field
strength and its orientation; we assume that these param-
eters do not evolve with time). We also have a superfluid
component, with index n, which evolves according to

InΩ̇n = Npin +NMF (2)

On the right-hand sides of these equations we have added
terms representing torques associated with vortex pin-
ning (Npin) and dissipative mutual friction (NMF) asso-
ciated with scattering off of the vortices in the superfluid.
We will not need explicit forms for these in the following.
Glitches can be understood as a two-stage process. In

the first phase the superfluid vortices are pinned. This
means that Npin is exactly such that Ω̇n = 0. That is,
the pinning force counteracts the friction which tries to
bring the fluids into co-rotation. The upshot is that the
crust evolves according to

IpΩ̇p = −aΩ3
p −→

1

Ω2
p

−
1

Ω2
0

=
2a

Ip
(t− t0) (3)

Assuming that a system starts out at co-rotation (with
spin Ω0 at time t0), we can estimate how the spin-lag,
∆Ω = Ωn−Ωp, between the two components evolves with
time. As long as the spin-lag is small we have ∆Ω/Ωp ≈
tglitch/2τc where tglitch is the interglitch time and τc =
−Ωp/2Ω̇p is the characteristic age of the pulsar.
At some point, this lag reaches a critical level where

the vortices unpin. The two components then relax to
co-rotation on the mutual friction timescale (which may
be as fast as a few hundred rotations of the system [10]).
This transfers angular momentum from the superfluid
reservoir to the crust, leading to the observed glitch. As-
suming that angular momentum is conserved in the pro-
cess (such that the entire spin-lag∆Ω drives the observed
glitch jump ∆Ωp) we have

Ip∆Ωp = In∆Ω −→
∆Ωp

Ωp
≈

In
I

tglitch
2τc

(4)

where I = In+Ip is the total moment of inertia (we have
assumed a small superfluid reservoir, i.e. I ≈ Ip).
Let us compare this model to observations. To do this,

we assume that we see a number of glitches in a given sys-
tem during an observation campaign lasting tobs. Then
we can work out the accumulated change in the observed
spin due to glitches, and relate the result to the simple
two-component model. From (4) we then have

In/I ≈ 2τcA where A =
1

tobs

(

∑

i

∆Ωi
p/Ωp

)

(5)

PSR τc (kyr) A (×10−9/d) In/I (%)

J0537-6910 4.93 2.40 0.9

B0833-45 (Vela) 11.3 1.91 1.6

J0631+1036 43.6 0.48 1.5

B1338-62 12.1 1.31 1.2

B1737-30 20.6 0.79 1.2

B1757-24 15.5 1.35 1.5

B1758-23 58.4 0.24 1.0

B1800-21 15.8 1.57 1.8

B1823-13 21.5 0.78 1.2

B1930+22 38.8 0.95 2.7

B2229+6114 10.5 0.63 0.5

TABLE I: Inferred superfluid moment of inertia fraction for
glitching pulsar which have exhibited at least two (large)
events of similar magnitude. The data is taken from [1] (up-
dated to included a few more recent events [11]), c.f., Figures 1
and 2. We give each pulsars name, the characteristic age, τc,
the averaged rate of spin-reversal due to glitches, A, and the
moment of inertia ratio In/I obtained from (5).

For systems that have exhibited at least two glitches of
similar magnitude [1] we can estimate the average rever-
sal in spindown due to (large) glitches per day of obser-
vation, A. This leads to the inferred moment of inertia
fractions listed in Table I. For some systems, like the
Vela pulsar and the X-ray pulsar J0537-6910, the esti-
mate should be quite reliable given the number of glitches
exhibited and their regularity. In other cases, the data is
less impressive, as is clear from Figure 2. Nevertheless,
the message seems clear: Glitches require the superfluid
component to be associated with at least 1-1.5% of the
star’s moment of inertia. This agrees with the conclu-
sions of [6]. In addition, the data seems consistent with
the idea of an angular momentum reservoir that is com-
pletely exhausted in each event. If this is not the case
then it is difficult to explain why the recurring glitches
have such similar magnitude.

51500 52000 52500 53000 53500
0

2000

4000

6000

45000 50000 55000
0

10000

20000

30000

J0573-6910 B0833-45

FIG. 1: The accumulated
∑

i
∆Ωi

p/Ωp (×10−9) as a function
of Modified Julian date for the X-ray pulsar J0537-6910 and
the Vela pulsar (B1833-45). The fits that lead to the slopes
(A) listed in Table I are shown as straight lines.

The role of entrainment.– Let us now ask what the
influence of a “heavy” superfluid may be. That is, let us
account for the entrainment coupling. At the level of the
averaged two-component model, the entrainment can be



Millisecond pulsars, like the record holder 
J1748-2446ad which spins at 716 Hz, are 
thought to form by accreting matter (and 
angular momentum) from a binary companion.  

Only a few systems are seen as pulsars (in X-
ray), like SAX J1808.4-3658 which has a spin 
period of 2.5 ms. In several other systems the 
spin is inferred from oscillations associated 
with X-ray bursts. 

X-ray bursts 
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The fastest such system, 4U 1608, spins at 
640Hz. 

Is some kind of speed-limit is enforced? 

!  non-standard accretion torque? 

!  additional spin-down agent? 
(mountains, r-modes, B-field deformation) 

 



Construct “empirical” equation of state (from a 
Bayesian analysis to be consistent with the data) 
based on a combination of systems exhibiting 
Type-I X-ray bursts with photospheric radius 
expansion and transient low-mass X-ray binaries. 

radius constraints No. 1, 2010 THE EOS FROM OBSERVED MASSES AND RADII OF NEUTRON STARS 49
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Figure 9. Upper panels give the probability distributions for the mass vs. radius curves implied by the data, and the solid (dotted) contour lines show the 2σ (1σ )
contours implied by the data. The lower panes summarize the 2σ probability distributions for the six objects considered in the analysis. The left panels show results
under the assumption rph = R, and the right panes show results assuming rph ! R. The dashed line in the upper left is the limit from causality. The dotted curve in
the lower right of each panel represents the mass-shedding limit for neutron stars rotating at 716 Hz.
(A color version of this figure is available in the online journal.)

Table 9
Most Probable Values for Masses and Radii for Neutron Stars Constrained to

Lie on One Mass Versus Radius Curve

Object M (M") R (km) M (M") R (km)
rph = R rph ! R

4U 1608–522 1.52+0.22
−0.18 11.04+0.53

−1.50 1.64+0.34
−0.41 11.82+0.42

−0.89

EXO 1745–248 1.55+0.12
−0.36 10.91+0.86

−0.65 1.34+0.450
−0.28 11.82+0.47

−0.72

4U 1820–30 1.57+0.13
−0.15 10.91+0.39

−0.92 1.57+0.37
−0.31 11.82+0.42

−0.82

M13 1.48+0.21
−0.64 11.04+1.00

−1.28 0.901+0.28
−0.12 12.21+0.18

−0.62

ω Cen 1.43+0.26
−0.61 11.18+1.14

−1.27 0.994+0.51
−0.21 12.09+0.27

−0.66

X7 0.832+1.19
−0.051 13.25+1.37

−3.50 1.98+0.10
−0.36 11.3+0.95

−1.03

if the mass is relatively small. In general, the predicted radii of
all stars range from about 10 km to 12.5 km, with the exception
of X7 which may have a large radius. Note that a 13 km radius
for an 0.8 M" star is beyond the limit implied by rotation at
716 Hz and thus if the neutron star in X7 is observed to spin
rapidly enough, a much larger mass and smaller radius would
be implied instead.

The largest difference between the predicted equations of
state between the rph = R and rph ! R cases is the high-

density behavior. This leads to large differences in the predicted
maximum masses. The probability distributions for the maxi-
mum neutron star mass are given in Figure 10, along with the
associated 1σ confidence regions. The two probability distribu-
tions are arbitrarily normalized so that their peak is unity. These
results are strongly dependent on assumptions of the photo-
spheric radius at touchdown. The two-peaked behavior in the
case rph = R suggests a possible phase transition could match
the data and implies a maximum mass very close to the observed
limit of 1.66 M". This result is similar to that claimed by Özel
et al. (2010), but there it is stated that the results are incom-
patible with a nucleonic EOS. Our results do not support this
extreme interpretation. Although the neutron star radii implied
by this analysis are small, they are not small enough to require a
phase transition; for neutron stars of mass 1.4 M", radii smaller
than 10 km can be generated by purely nucleonic equations of
state (Steiner et al. 2005).

5. DISCUSSION

In this paper, we have determined an empirical dense matter
EOS from a heterogeneous data set containing PRE bursts and
quiescent thermal emission from X-ray transients. Previous

The observed X-ray bursts do not only tell us 
what the spin-rate is, they can also help us infer 
the star’s radius. 

This pressure variation accounts for the nearly
50% variation in predictions of neutron star
radii (27).

A potential constraint on the EOS derives
from the rotation of neutron stars. An abso-
lute upper limit to the neutron star spin fre-
quency is the mass-shedding limit, at which
the velocity of the stellar surface equals that
of an orbiting particle suspended just above
the surface. For a rigid Newtonian sphere,
this frequency is the Keplerian rate

vK ! (2")#1!GM/R3 !

1833$M/MJ)1/2(10 km/R)3/2 Hz (3)

However, both deformation and GR effects
are important. A similar expression, but
with a coefficient of 1224 Hz and in which
M and R refer to the
mass and radius of
the maximum-mass,
nonrotating configu-
ration, describes the
maximum rotation
rate possible for an
EOS (26, 28, 29).
We have found that
Eq. 3, but with a co-
efficient of 1045
Hz, approximately
describes the maxi-
mum rotation rate
for a star of mass M
(not close to the
maximum mass) and
nonrotating radius R
independently of the
EOS. The highest
observed spin rate,
641 Hz from pul-
sar PSR B1937%21
(30), implies a radi-
us limit of 15.5 km
for 1.4 MJ.

Internal Structure
and Composition
A neutron star has
five major regions:
the inner and outer
cores, the crust, the envelope, and the atmo-
sphere (Fig. 3). The atmosphere and envelope
contain a negligible amount of mass, but the
atmosphere plays an important role in shap-
ing the emergent photon spectrum, and the
envelope crucially influences the transport and
release of thermal energy from the star’s sur-
face. The crust, extending about 1 to 2 km
below the surface, primarily contains nuclei.
The dominant nuclei in the crust vary with
density, and range from 56Fe for matter with
densities less than about 106 g cm#3 to nuclei
with A & 200 but x & (0.1 to 0.2) near the
core-crust interface at n ' n0/3. Such extremely

neutron-rich nuclei are not observed in the lab-
oratory, but rare-isotope accelerators (31) hope
to create some of them.

Within the crust, at densities above the
neutron drip density 4 ( 1011 g cm#3 where
the neutron chemical potential (the energy
required to remove a neutron from the filled
sea of degenerate fermions) is zero, neutrons
leak out of nuclei. At the highest densities in
the crust, more of the matter resides in the
neutron fluid than in nuclei. At the core-crust
interface, nuclei are so closely packed that
they are almost touching. At somewhat lower
densities, the nuclear lattice can turn inside-
out and form a lattice of voids, which is
eventually squeezed out at densities near n0

(32). If so, beginning at about 0.1 n0, there
could be a continuous change of the dimen-
sionality of matter from three-dimensional

(3D) nuclei (meatballs), to 2D cylindrical
nuclei (spaghetti), to 1D slabs of nuclei inter-
laid with planar voids (lasagna), to 2D cylin-
drical voids (ziti), to 3D voids (ravioli, or
Swiss cheese in Fig. 3) before an eventual
transition to uniform nucleonic matter
(sauce). This series of transitions is known as
the nuclear pasta.

For temperatures less than &0.1 MeV, the
neutron fluid in the crust probably forms a
1S0 superfluid (1, 2). Such a superfluid would
alter the specific heat and the neutrino emis-
sivities of the crust, thereby affecting how
neutron stars cool. The superfluid would also

form a reservoir of angular momentum that,
being loosely coupled to the crust, could
cause pulsar glitch phenomena (33).

The core constitutes up to 99% of the mass
of the star (Fig. 3). The outer core consists of a
soup of nucleons, electrons, and muons. The
neutrons could form a 3P2 superfluid and the
protons a 1S0 superconductor within the outer
core. In the inner core, exotic particles such as
strangeness-bearing hyperons and/or Bose con-
densates (pions or kaons) may become abun-
dant. It is possible that a transition to a mixed
phase of hadronic and deconfined quark matter
develops (34), even if strange quark matter is
not the ultimate ground state of matter. Delin-
eating the phase structure of dense cold quark
matter (35) has yielded novel states of matter,
including color-superconducting phases with
(36) and without condensed mesons (35).

Neutron Star
Cooling
The interior of a proto–
neutron star loses ener-
gy at a rapid rate
by neutrino emission.
Within 10 to 100 years,
the thermal evolution
time of the crust, heat
transported by electron
conduction into the in-
terior, where it is radi-
ated away by neutrinos,
creates an isothermal
structure [stage (V) in
Fig. 1]. The star contin-
uously emits photons,
dominantly in x-rays,
with an effective tem-
perature Teff that tracks
the interior temperature
but that is smaller by a
factor of &100. The
energy loss from pho-
tons is swamped by
neutrino emission from
the interior until the star
becomes about 3 ( 105

years old (stage VI).
The overall time

that a neutron star will
remain visible to terrestrial observers is not yet
known, but there are two possibilities: the stan-
dard and enhanced cooling scenarios. The dom-
inant neutrino cooling reactions are of a general
type, known as Urca processes (37), in which
thermally excited particles alternately undergo
beta and inverse-beta decays. Each reaction
produces a neutrino or antineutrino, and
thermal energy is thus continuously lost.

The most efficient Urca process is the
direct Urca process involving nucleons:

n3 p % e ! " v̄e, p3 n % e% % ve

(4)

Fig. 2. Mass-radius diagram for neutron stars. Black (green) curves are for normal matter (SQM)
equations of state [for definitions of the labels, see (27)]. Regions excluded by general relativity
(GR), causality, and rotation constraints are indicated. Contours of radiation radii R) are given by
the orange curves. The dashed line labeled *I/I! 0.014 is a radius limit estimated from Vela pulsar
glitches (27 ).
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[courtesy Steiner et al] 

The radius of a canonical neutron star 
should be in the range 11-12 km. 

The maximum mass is relatively large, 
1.9-2.2 Mo 

The data is clearly beginning to constrain 
the nuclear physics! 

… but there are caveats. 



Young radio pulsars: Original r-mode 
window consistent with the inferred birth 
spin of the Crab PSR (19 ms), but not with the 
16 ms X-ray PSR J0537-6910. 

Recycled pulsars: Need to allow the 
formation of a cold 716 Hz PSR (presumably 
after recycling). This constrains the instability 
window at low temperatures.  

LMXBs: Fastest systems (around 640 Hz) 
require smaller instability region. 

r-mode instability 

shear bulk 

The rotation of accreting neutron stars may be limited by gravitational emission 
from unstable r-modes. 

“Instability window” depends on uncertain core physics.  Simplest models 
account for damping due to shear- and bulk viscosity. 

Interesting problem since “exotica” could play a crucial role.  

  



Revisit r-mode scenario for accreting systems in light of recent evidence for 
neutron superfluidity in Cassiopeia A remnant (affects cooling evolution). 

Demonstrates that our understanding of the r-modes is incomplete. Given the 
“best estimate” for the main damping mechanisms, many observed LMXBs 
should be unstable.  

r-mode puzzle 

rigid crust 

no crust 

with “slippage” 

Rigid crust with viscous (Ekman) 
boundary layer would lead to 
sufficient damping… 

…but the crust is more like jelly, so 
the effect is reduced (“slippage”). 

Magnetic field is too weak to alter 
the nature of the boundary layer. 

Superfluid “mutual friction” (due to 
electrons scattered off vortices) has 
no effect.   

Saturation amplitude due to 
mode-coupling is too large to allow 
evolution far into instability region. 

 



What is the state of matter at extreme densities? 

Current maximum mass constraint seems to rule out hyperon/quark cores, in 
“conflict” with expectations. How do we resolve this? 

Why do pulsars pulse? 

Somewhat remarkably, the pulsar emission mechanism is not well understood 
despite more than four decades of observations.  

What distinguishes the different classes of neutron stars? 

Expect the answer to be “the magnetic field”, which then leads on to questions of 
how the magnetic field forms, and what the interior configuration is. 

How do glitches work? 

Can we make the superfluid unpinning explanation quantitative, and if so does this 
model explain all aspects of the observed phenomenology? 

What enforces the neutron star speed limit? 

Is there a mechanism that prevents neutron stars from reaching the break-up 
limit? Observations suggest so, but what is it? 

“outstanding” questions 


