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Motivation: building accurate templates for gw detection

Inspiralling binaries of compact objects (black holes and/or neutron stars) are one of the
most promising sources of GW that we hope to detect with the advanced versions the
ground based detectors LIGO andVirgo and with a future space-based detector.

Successfully extracting the very weak signal from the noise and estimating the parameters of
the source with good precision can be achieved using matched filtering techniques
provided that we have a very accurate modelling of the waveform.

The post-Netwtonian approximation scheme enables to compute such accurate waveforms
for the inspiral phase. For non-spinning compact binary systems, such templates are known
to 3.5 PN order for the phase (3PN for the amplitude).

We now have observational evidence pointing towards the existence of fast-rotating black
holes (see e.g. Reynolds 2013)

—> This has motivated a lot of effort to include spin effects to the same level of accuracy



Brief intro to PN

log, (7, /m)
A
The PN expansion is an expansion in v/c therefore it is AL
valid when the separation between the two bodies is not ' ,° RN
too small (much larger than the size of the bodies) i.e. ' / Post-Newtonian °
during the inspiral phase 3 | Post-Newtonian ! e I
Theory .
Perturbation /
Theory V4
~ - s
Newtonian estimate 2 r \ ~N
1 5 1Gmp | v Ry
_ILLU — 5 €. _2 — 1k Numerical
2 2 r C 2r Relativity
Gm
Ry =2 2 ok \ J
1 1 1 1 1 ’10g (m /m)
0 1 2 3 4 e

taken from Blanchet et al. Phys.Rev.D81 (2010)

.. that consistently takes into account the non-linearities of the Einstein field equations!

In particular, it is different from linearized theory + multipole expansion which is also an expansion in powers of v/c.



Linearized theory and multipole expansion
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PN approximation scheme (1/3)
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PN approximation scheme (2/3)
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PN approximation scheme (2/3)
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PN approximation scheme (2/3)

Both expansions are valid. A matching procedure provides an
expression of the multipole moments as integrals over the matter and
the gravitational fields in the source
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PN approximation scheme (3/3)

In practice, the calculation is divided into two (coupled) sub-problems

r p
Computation of the dynamics up to n-th PN order (near-zone resolution of the Einstein eqs)
Newtonian-like equation of motion
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Computation of the radiation up to n-th PN order
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Finally, the balance equation o T T provides the phase evolution




Spinning black holes

Recent astrophysical observations indicate that black holes generically have (large!) spins
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taken from Reynolds astro-ph.HE 1302.3260 (2013)

Both Super Massive Black Holes and Stellar Mass Black holes



Effect of the spin on the inspiral
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Spin '~ power counting”

Gm
The spin of a rotating compact body is of the order of Strue ~ Ml Uspin With [ ~ —
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—> For maximally rotating bodies, VUspin ™~ € so  Sirue ~ X is formally 0.5 PN
C
—> For slowly rotating bodies, Vspin <K C so Otrue s formally | PN

We adopt the following spin (re-)definition S = ¢ Strue = XG?TLQ

—> For maximally rotating objects, our spin variable is Newtonian

With this definition, the spin enters the Newtonian-like equation of motion at the following orders:
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Progress of the spin PN computations: EOM

do i L L Y i 1 i
dt = ANy T C—2A1PN T 6_31% 1.5PN T A [AQPN + 13452PN} T b { + f% 2-5PN}
1 . | 1 |
+ & { spN T é;SPN} T 7 [ T %13.5PN} + O(8)

Three different formalisms: harmonic gauge, Hamiltonian, Effective Field Theory

LO (1/c3):
Barker and O’Connell (75, 79)

Spin-Spin effects:
Goldberger, Rothstein (06) (EFT approach)

LO (l/c*: Goldberger, Rothstein (06) (EFT approach)
NLO (1/c®): Steinhoff, Hergt, Schifer (08,10) (ADM)

NLO (|/C5)Z Porto, Rothstein (10), Levi (1 1) (EFT)
Tagoshi, Ohashi, Owen (98,01) NNLO (1/c°) spin|-spin2:

Blanchet, Buonanno, Faye (06) Levi (12) (EFT)

Damour, Jaranowski, Schafer, (08) (ADM formalism) Hartung, Steinhoff (1 1) (ADM)

Levi (10), Porto (10) (EFT approach)

-
Here we compute the 3.5PN spin-orbit (linear in spin) NNLO (I/c’):
correction together with the evolution equations for Hartung Steinhoff (1 1) (ADM coords)
: Marsat, Bohe, Faye, Blanchet, (12)
the spins




Progress of the spin PN computations: Radiation

So far, a wave generation formalism has only been derived in the harmonic gauge formulation
(although EFT on the way (cf Porto (06))
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NLO (|/C5)Z Blanchet, Buonanno, Faye (06)
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NLO (|/C8)Z Marsat, Bohe, Blanchet, (in preparation)

Spin-Spin effects
LO (1/c*): Mikoczi,Vasuth, Gergely (05)
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Description of the system: effective pole-dipole formalism

Description in terms of point particles

Model developped by > ()
Mathisson, Papapetrou, Tulczyjew

ut = dy* /(edT)
generalized by Dixon, Bailey & Israel

u,ut = —1
Effective approach: write the most too 5 (2 — y(7))
general stress-energy tensor built with TEY = —c/ dr V, SPlHyY)
(derivatives of) delta functions — 00 —g(z)

S*(t) is an antisymmetric tensor encoding the spin

4 DG p
_ C2 (p,uuz/ . pyu,u) ’
dr : :
Mathisson-Papapetrou equations
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dr 2 p D
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Effective pole-dipole formalism: simplifications

Supplementary spin condition S*“p, =0
+ —_— Pt =mecut + O(S5?)
Only spin orbit effects

w _ o w00 (X — y (1) y' = (ct,y (1))
The stress energy-tensor reduces to R V=g(tx) o' = cut Ju®
W B e
(" y )
2~ 0(s7),

dr Equations

me ]:3;;’_“ _ __Ruypauyspa i 0(52) of motion
\ _/

Note that using the SSC, we can work with the spatial components 5% of S*”
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PN iteration of the Einstein’s equations in harm gauge

In the harmonic (De Donder) gauge 0, (vV/—99"") =0
8 1%
goo = —1 + 2V——V2+— (X+VV+—)
the metric can be conveniently ¢ ct 6
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Computation of the potentials

Expand the retardations inside the integrals

d3 / !
—4m Ly, fxt / |X ud
\X—X’] c

_/ X’ F(x,t) — 1/d3x’8tf(x’, )+i/d?’x’\x—x’lé‘ff(x’,t)+(9(3)

|x — x/| c 2¢?

——> only valid in the near-zone r < A

Carefully treat the distributional derivatives appearing in the sources

Oij f = affdf + D; [a})rdﬂ + a?rdDj Lf]

mom m— [m /2] —
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/'4



Complexity of the source terms

Compute the spin part of the following potentials |PN order beyond previous calculations:

V =0;'[-4rG o],

V. = D;zl[—éle ol ,

. I . 3

X = |:|7_21 — 4G VUii + WZ]&]V + 2%87581‘/ + V&?V + §(atv>2 o 28@%8]‘/; )

: 3
b4 i — Vio) — Vi — 5 ; T : m
nG (Vo; = Vio) =20,V OVie = 50V OV | quadratic” ter
computed in all space

L]
Wij = D7_21 [—47TG (O'ij — 5ij0k:k:) — (‘)ZV@]V] , €

And the leading order spin contribution to these “new” potentials:

4

- ]- o 1 A A
T = D7_21 [—47TG <_Oij W’U -+ EVZO'M -+ O'V;‘/Z) + ZZJ&JV + Rz&g@zv
A A 3
—20;V;0;R; — 0;V;0W;; + VV;0.0;,V + 2V;0;V;0;V + 5‘/1-8,5‘/8@-‘/

“cubic” term

1 3 1
—I—§V23t2V + §V(3tv)2 — 5(315‘/@')2] :
N . 11 1 . cannot be
Y, =05 |—4nG | —oR; —oVVi + zopWir, + zou Vi + zowiVi | + WiiOuVi .
2 2 2 computed in all space but
~ N A N 3 . .
— OWik0V + W0 Vi — OsWadlVie — 206V O Ry, — ViV OV just at the location of the
particles

3
—§V8tV8iV —2VOLVOLV; + V@?VZ + 2Vk8k8t‘/@] ,
|:|7_31 [ — 47TG Vv (O'ij — 5ij0kk) — 28(1V8tV7) + &Vkaij + 0k%8k%

3 _ 1 d3x’ , |x — %/
—20;ViOi Vi) = 050k Vi (06 Vi — O Vi) — 15@(31&‘/)2] : (DR ) (x,t) = ") x| f (X = )

Zij =




The EOM in terms of the potentials
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f3 =87 (00;V +v*0, V) + ST (20%0;,V — 20,3 Vi)
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—2070,0;V}, — 207 0,0, V; + ZOtBkl’i/',]) N
fi=259 (43@ OV = 2Vh0;VOLV + AVid; VLV + 8vF ViR Vi + 2V 20k 0,V
+ 80 V10, Vi + 40F 03, X — A0V OLR; + AV VLY — AV;0,V LV
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and to compute the acceleration of body |, one needs to evaluate all these potentials (and
their derivatives) at the position of the body ...

but because of our description of the bodies as point particles, everything diverges at these

two points

——> Such a description has to be supplemented with a regularization procedure



Hadamard regularization of the potentials

4 p
Simplest example
1 3
V = D%l[—ilﬂ'G O'] with o = —Q(TOO + Tm) — m101 + Mmodo + 0(2)
c
1 d?x’
V(x,t) = —— 1)+ O(2 Y1
(X7 ) 47T ‘X L X/lo-(X Y ) —|_ ( ) 7,.12
G G
=7 + e + O(2) 1 Y2
1 r2
r2
diverges when 71 — 0 X
Chng
V generalizes the Newtonian potential so the “correct value” at r=0is (V)1 = —— O(2)
\ - J
4 p
Hadamard regularization
For a function F singular at y1 and y2 which admits an expansion of the form
FO)= 30 rifulm)+o0f)  wedefine  (F)i= [ % fo(m)
A7

ap<a<n

Beware that, in general, (F'G)1 # (£)1(G)1




Hadamard regularization of the potentials

We also need to give a meaning to integrals such as/ F(x")61(x")d*x’ and /F(x’)d3x’

for a function F that diverges at the location of the two bodies.

*We use /dSX/F(X/)51 = (F');

not “standard” distribution theory —> careful in treating derivatives...

* For non-compact support integrals
gat3 S
Pf, ., /d3x F = lim / ExF+ > /dQlfa+ln (-) /dQlf_g +142
s=0 | JR3\By (5)UBs (s) a+3 S1

\ a+3<0

If the ambiguities remain, one needs to resort to dimensional regularization (much heavier! cf 3PN non-
spinning dynamics). Here, we have computed the ambiguous term using dimensional regularization to check
our result.

ambiguities appear but here they vanish in the final result



Result
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Tests of the result

*Existence of |0 conserved integrals of the motion
(when neglecting radiation reaction terms)

Energy, Linear Momentum,Angular Momentum, Center of Mass Position

el orentz invariance

The harmonic gauge condition is manifestly Lorentz invariant so our equation of
motion must take the same form in two frames related to one another by a boost

¢ Jest-mass limit

Recover the motion of a test mass around Kerr and of a spinning test mass around
Schwarzschild (linear effects in spin)

*Equivalence with the ADM result

Extended the “contact” transformation



Reduction of the result

We first rewrite our result in term of spin variables of conserved Euclidian norm

Construct a variable S'[S""] such that 6;;5'S7 = s°
We propose a “canonical” construction but there is some rotation freedom!

The spin evolution equation now precession equation 1 1 1 1
P q p q dSl _ Ql ¢ Sl Ql _ _QQ%PN 4+ _49%PN + _69213PN + O (_7)
dt C C C C

We need such conserved spins because they are secularly constant (for Taylor approximants)

We then reduce to the center of mass frame defined by P' =0,G" =0

— everything is expressed in terms of n, v, r, and the spins

Finally, we are mostly interested in quasi-circular orbits

The emission of GW circularizes the orbit (Peters & Mathews formula)

We can look for solutions for which the separation r only varies du to
radiation reaction 7 = O(1/c")

The expressions simplify a lot since v -n = O(1/c°)

W becomes a function of 71

3

Gmw>2/3

— everything is expressed in terms of the spinsand £ — (



Reduced the result for the Energy
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3.5 PN spin-orbit
contribution to the
binding energy




List of results for 3.5PN SO dynamics

We computed the spin-orbit contributions at NNLO order in terms of constant magnitude
spins for general orbits of the

*Newtonian-like equations of motion of the bodies

*Spin precession equations

econserved energy, linear and angular momenta, center of mass position

*Metric (in the near zone + regularized at the position of the bodies)

*Contact transformation that relates ADM and harmonic coord. orbital variables

We then reduced all these results to the center of mass frame, and specialized them to the
case of quasi-circular orbits

see Class.Quant.Grav. 30 (2013)
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Flux calculation

The flux can be expressed in terms of the (derivatives of) multipole moments

Gl e.e 1|1 w,w, 16 ¢ 0
F:g{glz‘j ]ij +§ @ z'jk]ijk_'—g‘]ij Jij

L1 o0 Lo, 1] 4 26950 - 1
+c4 [9072]ijkl]z’jkl+8_4‘]iijijk +Cg 14175Jijkl‘]ijkl + (tails) + O 8

—~

SRR
Ju(t) = FP eabw/d?’x (r/ro)B/ldz{éz TL-1>a 2

which can be expressed as integrals over 20+ 1

) 55—1—1 QA:L—1>ac Zl(;i) } (Xa t+z T/C) )

. . . 2
the matter and the gravitational fields in the source 42203
EETOOC_ZTM‘, EiE%Oi7 s, =7,

Here again, the difficulty is to push |PN order further all the spin-orbit contributions
in the sources of the integrals... (note that we need the equations of motion!)
...and to compute the new (regularized) integrals that appear!



Reduced the result for the flux
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Phase estimates

dF

We can now apply the balance equation — — _F
This becomes an evolution equation for x provided that the spins (the components

orthogonal to the orbital plane) are constant over the radiation reaction timescale. It is
the case with our constant magnitude spins at linear order in the spins.

Then d_:c il

dt  dE/dz

We can re-expand the rhs (Taylor T2) and rewrite the integral defining the phase ¢ = / wdt

as an integral over x.

—5/2 3/2 235 1256
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Phase estimates

TABLE 1. Spin-orbit contributions to the number of gravitational-wave cycles Now = (dmax —
Pmin ) /T accumulated from wyin, = X 10 Hz t0 wpax = wisco = ¢/ (63/ 2G'm) for binaries detectable
by ground-based detectors LIGO and VIRGO. For each compact object we define the magnitude
X and the orientation x, of the spin by S, = G mg Xa Sa and Kk, = Sa -£. For comparison, we give
all the non-spin contributions up to 3.5PN order; however we neglect all the spin-spin terms.

1.4Mo + 1.4Mg 10Mas 4+ 1.4Mg 10Mas 4+ 10M
Newtonian 15952.6 3558.9 598.8

1PN 439.5 212.4 59.1
1.5PN|—210.3 4+ 65.6k1x1 + 65.6k2X2 | —180.9 + 114.0k1x1 + 11.Tk2x2|—51.2 + 16.0k1x1 + 16.0k2X2

2PN 9.9 9.8 4.0
25PN| —11.749.3k1x1 + 9.3k2X2 —20.0 4+ 33.8k1x1 + 2.9x2X2 —7.14+5.7k1x1 + 5.Tk2X2

3PN 2.6 —3.2r1x1 — 3.2Kr2X2 2.3 —13.2r1x1 — 1.3Kk2X2 2.2 —2.6r1x1 — 2.6K2X2
3.5PN —0.9+ 1.9xk1x1 + 1.952x2 —1.8 + 11.1k1x1 + 0.8Kr2Xx2 —0.84+1.7x1x1 + 1.TKr2X2

Of course, this is a very crude estimate of the importance of these new
contributions in terms of actual searches and parameter estimation...



Conclusions

We have computed the NNLO SO effects (3.5PN for maximally spinning
bodies) in the dynamics of the binary and in the emitted flux .

From a data analysis perspective, the main results are the new contributions
to the binding energy and to the emitted flux since these increase the
accuracy in Taylor approximants for the phase.

Crude estimates indicate that these terms should be relevant.

In addition to this, many other dynamical results which can be useful for
comparisons with NR, building phenomenological models...

We are currently finishing the computation of the NLO tail term which
seems to be of comparable magnitude.



