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Outline

• What is a Pulsar Timing Array?

• PTA Geometry and Signals

• The PTA overlap reduction function

• Using PTAs to characterise anisotropy in 
the GW background (generalised ORF)

• How we can use PTAs as time machines

• Testing the pN expansion with PTAs
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GW detection
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Pulsar Timing Array

• Sources include supermassive black hole 
binaries, cosmic strings and relic GWs from 
inflation.

• Frequency band defined by total 
observation time and cadence of 
observation.

• GW signal correlated between pulsars, 
pulsar noise is not. 

6

6Friday, 5 April 2013



The Signal
• Consider a GW metric perturbation in the 

transverse and traceless gauge:

• the            are the polarisation amplitudes,  
and the            are the polarisation tensors 
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fact the presence of any anisotropy changes the nature of
the correlation function(s): it is no longer solely depen-
dent on the angular separation of the pulsar pairs, but
also depends on pulsar pairs’ position with the respect to
the anisotropies. Thus the idea of a single curve which
fits all pulsar pair correlations is no longer meaningful in
anisotropic backgrounds.

The number of pulsars pairs used to calculated the
GW background correlation functions is expected to grow
significantly with the advent of more sophisticated ra-
dio telescopes such as the Five-Hundred-Meter Aperture
Spherical Radio Telescope (FAST) [41] and the Square
Kilometre Array [42]. As these new millisecond pulsars
fill the PTAs, it becomes increasingly probable that a
pulsar pair will be separated by a very small angle, and
will experience a part of the function doubling described
by Hellings and Downs’ δ-function [8] at zero angular sep-
aration. Modelling this boost as a simple δ-function at
zero angular separation will no longer suffice, and steps
must be taken to properly account for the pulsar term be-
haviour in the small angle regime. These future pulsars
may also be sufficiently close by to warrant investigating
the pulsar term effects for small values of fL, the prod-
uct of the frequency of the GW background f with the
distance L to the pulsar.

In this paper, we generalise the idea of the Hellings
and Downs curve to include an angular power distribu-
tion function and investigate the behaviour of the pulsar
term for small angular separations and small fLs. In
Section I, we describe the GW signal and provide an es-
timate of the expected level of anisotropy in the stochas-
tic GW background. In Section II we provide new ana-
lytic correlation functions akin to the Hellings and Downs
curve for dipole and quadrupole anisotropies, and lay the
groundwork for higher multipole moments to be calcu-
lated when necessary in. We then show how these so-
lutions can be rotated from the “computational frame”
to the pulsars’ rest frame as in Allen and Ottewill (1997)
[34]. Searches for the GW background could then include
both isotropy and anisotropy, with only minor changes to
current pipelines. We would now have a set of parame-
ters which represent the power in each harmonic and use
them to map the posterior density function. Sec III pro-
vides an approximation of the pulsar term contribution
to a correlation function for small angular separation, re-
covering the Hellings and Downs δ-function as a special
case for zero angular separation. Finally we explore the
behaviour of the pulsar term for small values of fL and
and show the consequences of varying the distances be-
tween pulsars for a fixed GW background. Appendices
provide detailed derivations of the most important equa-
tions presented in this work.

I. THE SIGNAL

Let us consider a GW metric perturbation hab(t) in
the transverse and traceless gauge (TT) described by

the two independent (and time-dependent) polarisation
amplitudes h+(t) and h×(t) that carry the information
about stochastic gravitational radiation. Let us also de-
fine Ω̂ to be the unit vector that identifies the direction of
GW propagation. The metric perturbation can therefore
be written as:

hab(t, Ω̂) = e
+
ab(Ω̂)h+(t, Ω̂) + e

×
ab(Ω̂)h×(t, Ω̂), (1)

where e
A
ab(Ω̂) (A = + ,×) are the polarisation tensors,

that are uniquely defined once one specifies the wave
principal axes described by the unit vectors m̂ and n̂

as,

e
+
ab(Ω̂) = m̂am̂b − n̂an̂b , (2a)

e
×
ab(Ω̂) = m̂an̂b + n̂am̂b . (2b)

The metric perturbation (1) at coordinates t and �x can
be expressed as the plane wave expansion

hab(t, �x) =
�

A

� ∞

−∞
df

�

S2

dΩ̂ hA(f, Ω̂) e
i2πf(t−Ω̂·�x)

e
A
ab(Ω̂) ,

(3)
where the integral is on the two-sphere S

2. Our sign
convention for the Fourier transform g̃(f) of a generic
function g(t) follows GW literature conventions:

g̃(f) =

� +∞

−∞
dfg(t)e−i2πft

, (4a)

g(t) =

� +∞

−∞
dfg̃(f)ei2πft. (4b)

For a stationary, Gaussian and unpolarised background
following any angular power distribution, the polarisa-
tion amplitudes satisfy the following statistical proper-
ties:

�h∗
A(f, Ω̂)hA�(f �

, Ω̂�)� = δ2(Ω̂, Ω̂�)δAA�δ(f−f
�)H(f)P (Ω̂) ,

(5)
where �·� represents the ensemble average, following the
convention in [43]. The functionH(f) describes the spec-
tral content of the radiation, whereas P (Ω̂) describe the
angular distribution on the sky, which may indeed be
isotropic.
The mass-energy density in GWs is [44]:

ρgw =
1

32π
�ḣab(t, �x)ḣ

ab(t, �x)� ; (6)

however, for stochastic backgrounds it is more convenient
to consider the density parameter

Ωgw(f) ≡
1

ρc

dρgw(f)

d ln f
, (7)

where ρc = 3H2
0/8πG is the critical density at the present

epoch, and H0 is the value of the Hubble parameter to-
day.

hA(t, Ω̂)

eAab(t, Ω̂)
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Plane Wave
• Can now write the metric perturbation at 

coordinates t and x in terms of a plane wave 
expansion

• For a stationary, Gaussian and unpolarised 
background, the polarisation amplitude satisfy 
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ab(t, �x)� ; (6)

however, for stochastic backgrounds it is more convenient
to consider the density parameter

Ωgw(f) ≡
1

ρc

dρgw(f)

d ln f
, (7)

where ρc = 3H2
0/8πG is the critical density at the present

epoch, and H0 is the value of the Hubble parameter to-
day.

2

fact the presence of any anisotropy changes the nature of
the correlation function(s): it is no longer solely depen-
dent on the angular separation of the pulsar pairs, but
also depends on pulsar pairs’ position with the respect to
the anisotropies. Thus the idea of a single curve which
fits all pulsar pair correlations is no longer meaningful in
anisotropic backgrounds.

The number of pulsars pairs used to calculated the
GW background correlation functions is expected to grow
significantly with the advent of more sophisticated ra-
dio telescopes such as the Five-Hundred-Meter Aperture
Spherical Radio Telescope (FAST) [41] and the Square
Kilometre Array [42]. As these new millisecond pulsars
fill the PTAs, it becomes increasingly probable that a
pulsar pair will be separated by a very small angle, and
will experience a part of the function doubling described
by Hellings and Downs’ δ-function [8] at zero angular sep-
aration. Modelling this boost as a simple δ-function at
zero angular separation will no longer suffice, and steps
must be taken to properly account for the pulsar term be-
haviour in the small angle regime. These future pulsars
may also be sufficiently close by to warrant investigating
the pulsar term effects for small values of fL, the prod-
uct of the frequency of the GW background f with the
distance L to the pulsar.

In this paper, we generalise the idea of the Hellings
and Downs curve to include an angular power distribu-
tion function and investigate the behaviour of the pulsar
term for small angular separations and small fLs. In
Section I, we describe the GW signal and provide an es-
timate of the expected level of anisotropy in the stochas-
tic GW background. In Section II we provide new ana-
lytic correlation functions akin to the Hellings and Downs
curve for dipole and quadrupole anisotropies, and lay the
groundwork for higher multipole moments to be calcu-
lated when necessary in. We then show how these so-
lutions can be rotated from the “computational frame”
to the pulsars’ rest frame as in Allen and Ottewill (1997)
[34]. Searches for the GW background could then include
both isotropy and anisotropy, with only minor changes to
current pipelines. We would now have a set of parame-
ters which represent the power in each harmonic and use
them to map the posterior density function. Sec III pro-
vides an approximation of the pulsar term contribution
to a correlation function for small angular separation, re-
covering the Hellings and Downs δ-function as a special
case for zero angular separation. Finally we explore the
behaviour of the pulsar term for small values of fL and
and show the consequences of varying the distances be-
tween pulsars for a fixed GW background. Appendices
provide detailed derivations of the most important equa-
tions presented in this work.

I. THE SIGNAL

Let us consider a GW metric perturbation hab(t) in
the transverse and traceless gauge (TT) described by

the two independent (and time-dependent) polarisation
amplitudes h+(t) and h×(t) that carry the information
about stochastic gravitational radiation. Let us also de-
fine Ω̂ to be the unit vector that identifies the direction of
GW propagation. The metric perturbation can therefore
be written as:

hab(t, Ω̂) = e
+
ab(Ω̂)h+(t, Ω̂) + e

×
ab(Ω̂)h×(t, Ω̂), (1)

where e
A
ab(Ω̂) (A = + ,×) are the polarisation tensors,

that are uniquely defined once one specifies the wave
principal axes described by the unit vectors m̂ and n̂

as,

e
+
ab(Ω̂) = m̂am̂b − n̂an̂b , (2a)

e
×
ab(Ω̂) = m̂an̂b + n̂am̂b . (2b)

The metric perturbation (1) at coordinates t and �x can
be expressed as the plane wave expansion

hab(t, �x) =
�

A

� ∞

−∞
df

�

S2

dΩ̂ hA(f, Ω̂) e
i2πf(t−Ω̂·�x)

e
A
ab(Ω̂) ,

(3)
where the integral is on the two-sphere S

2. Our sign
convention for the Fourier transform g̃(f) of a generic
function g(t) follows GW literature conventions:

g̃(f) =

� +∞

−∞
dfg(t)e−i2πft

, (4a)

g(t) =

� +∞

−∞
dfg̃(f)ei2πft. (4b)

For a stationary, Gaussian and unpolarised background
following any angular power distribution, the polarisa-
tion amplitudes satisfy the following statistical proper-
ties:

�h∗
A(f, Ω̂)hA�(f �

, Ω̂�)� = δ2(Ω̂, Ω̂�)δAA�δ(f−f
�)H(f)P (Ω̂) ,

(5)
where �·� represents the ensemble average, following the
convention in [43]. The functionH(f) describes the spec-
tral content of the radiation, whereas P (Ω̂) describe the
angular distribution on the sky, which may indeed be
isotropic.
The mass-energy density in GWs is [44]:

ρgw =
1

32π
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H(f) is the spectral content and the power 
distribution is        and P (Ω̂)

3

Using Eqs. (3)-(7), we can rewrite Eq. (7) as:

Ωgw(f) = f
8πG

3c2H2
0

c
2

32πG
32π2

f
2
H(f)

�
dΩ̂P (Ω̂)

=
8π2

3H2
0

f
3
H(f)

�
dΩ̂P (Ω̂) (8)

where we have decomposed the angular distribution func-
tion on the basis of the spherical harmonic functions:

P (Ω̂) ≡
�

lm

c
m
l Y

m
l (Ω̂) (9)

For the isotropic case:
�

dΩ̂P (Ω̂) = 4π, (10)

and c00 =
√
4π; in fact Y00 = 1/(2

√
π) Therefore we

have:

Ωgw(f) =
32π3

3H2
0

f
3
H(f) (11)

A. Expected level of anisotropy

Here we estimate the expected level of anisotropy in
a background from a population of binary sources. Our
discussion is focused on massive black hole binary sys-
tems in the nHz observational window, but it is general
and can be applied to any source population. We will
follow closely the notation introduced in [15], and this
section can be regarded as an extension of Ref. [15].

Let us consider a population of sources characterised
by a chirp mass M and coalescence rate R. The coa-
lescence rate is the number of coalescences N per unit
co-moving volume V per unit time tr as measured in
the source rest frame. Here we will use the index “r”
to identify quantities computed in the source frame, and
unprimed quantities to refer to the observer frame.

The number of sources per unit co-moving volume and
unit frequency interval emitting at frequency f , as mea-
sured at the Earth, is

d
2
N

dfdV
=

d
2
N

dfrdV

dfr

df
=

dfr

df

�
R

�
dtr

dfr

�

fr=f(1+z)

�
, (12)

where the emission frequency in the source rest frame fr

and the observed frequency f are related by

fr = f(1 + z) . (13)

In Eq. (12) dfr/dtr is evaluated at the frequency fr corre-
sponding to the observed frequency f through Eq. (13).
At the leading Newtonian quadrupole order, the fre-
quency derivative is

dfr

dtr
=

96

5
π8/3M5/3

f
11/3

, . (14)

Substituting Eqs. (13) and (14) into Eq. (12) we find that
the number of source that emit at frequency f per unit
observed frequency interval and unit co-moving volume
is

d
2
N

dfdV
= R

�
dtr

dfr

�

fr=f(1+z)

(1 + z) . (15)

We now consider a conical slide of solid angle dΩ and
redshift dz and we compute the total number of sources
per unit (observed) frequency interval that contribute to
the background from the volume within dΩ and dz. From
Eq (15) we obtain:

d
3
N

dfdΩdz
=

d
2
N

dfdV

dV

dΩdz
(16)

where the co-moving volume is related to redshift by [16]

dV

dΩdz
=

1

H0

D
2
M (z)

E(z)
, (17)

and the “Hubble function” is

E(z) =
�
Ωm(1 + z)3 + Ωk(1 + z)2 + ΩΛ

�1/2
. (18)

In the previous equations Ωm, ΩΛ, Ωk are the mass-
energy density parameters associated to matter, dark
energy and curvature, respectively, andDM (z) is the
proper-motion distance, which for a spatially flat uni-
verse (Ωk = 0), which we will consider here, is equal to
the co-moving distance and is given by:

DM (z) =
1

H0

� z

0

dz
�

E(z�)
. (19)

The total number of sources that contribute to the back-
ground per unit frequency interval can then simply be
computed by integrating over the redshift and solid an-
gle range.

Let us now consider the GW energy density at (ob-
served) frequency f associated to a single source; let us
indicate the energy density per source as dρgw(f)/dN .
The energy radiated per unit time, as measured in the
source rest-frame by a binary of chirp mass M is (at the
leading Newtonian quadrupole order)

dEr

dtr
=

32

5
(πMfr)

10/3
. (20)

The energy density is simply related to the energy flux
F by F(f)/c. Hence, the energy density associated to a
single source of mass M at frequency f is

is the density parameter.
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Timing Residuals r(t)

9

6

We can obtain an insight by considering the Euclidean
version of it. Let n be the number of source per unit
volume. In the conical volume within the solid angle dΩ
and distance D and D + dD the number of sources that
contribute to the background is:

dN = nD
2
dDdΩ (46)

The energy density of each source scales as 1/D2, and we
just write

dρgw
dN

=
A

D2
(47)

where A is the appropriate constant factor.
The mean contribution to the background from the

sources in the solid angle dΩ is the fore:

µΩ =

� DM

Dm

dρgw
dN

dN (48a)

= nAdΩ

� DM

Dm

dD (48b)

= nA [DM −Dm] dΩ (48c)

The variance of the contribution is simply

σ2
Ω =

� DM

Dm

�
dρgw
dN

�2

dN (49a)

= nA
2
dΩ

� DM

Dm

dD

D2
(49b)

= nA
2

�
DM −Dm

DMDm

�
dΩ (49c)

(49d)

The level of anisotropy is then:

σΩ

µΩ
= (ndΩ)−1/2 [(DM −Dm)DMDm]−1/2 (50)

B. Timing residuals

Gravitational waves affect the time at which radio
pulses from millisecond pulsars are received at the tele-
scope. Let us consider a pulsar whose location in the
sky is described by the unit vector p̂ and radio frequency
ν0. At the telescope, pulses are actually received at a
frequency ν, which is related to the GW metric pertur-
bation by:

z(t, Ω̂) ≡ ν(t)− ν0
ν0

=
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

∆hab(t; Ω̂) . (51)

and [check the sign]

∆hab(t) ≡ hab(tp, Ω̂)− hab(t, Ω̂) (52)

is the difference between the metric perturbation at
the pulsar – the so-called pulsar term, with coordinates
(tp, �xp) – and at the Earth, the so-called Earth term, with
coordinates (t, �x). The quantity that is actually observed
is the time-residual r(t), which is simply the time integral
of Eq. (51),

r(t) =

� t

0
dt

�
z(t�, Ω̂) . (53)

In a given reference frame we use the following conven-
tions:

tp = te − L = t− L �xp = Lp̂ (54a)

te = t �xe = 0 (54b)

Eq. (52) becomes:

∆hab(t, Ω̂) =
�

A

� ∞

−∞
df

�

S2

dΩ̂ e
A
ab(Ω̂) hA(f, Ω̂) e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

(55)

Summing over repeated indices, the redshift from a given
pulsar is then:

z(t) =

� ∞

−∞
df

�

S2

dΩ̂ F
A(Ω̂)hA(f, Ω̂)e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

where F
A(Ω̂) is the antenna beam pattern for each po-

larisation A, defined as

F
A(Ω̂) =

�
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

e
A
ab(Ω̂)

�
. (56)

The search for a stochastic background contribution in
pulsar timing data relies on correlations in the residual
from different pulsars induced by GWs. These correla-
tions in turn depend on the on the spectral properties of
the radiation and the antenna beam pattern convolved
with the angular distribution of the signal in the sky.
The elements of the correlation matrix from pulsar a

at time tj and from pulsar b time tk are:

�r∗a(tj)rb(tk)� =
�� tj

dt
�
� tk

dt
��
z
∗
a(t

�
, Ω̂)zb(t

��
, Ω̂)

�

=

�� tj

dt
�
� tk

dt
��
� +∞

−∞
df

�
� +∞

−∞
df

��̃
z
∗
a(f

�)z̃b(f
��) e−i2π(f �t�−f ��t��)

�

=

� tj

dt
�
� tk

dt
��
� +∞

−∞
dfe

−i2πf(t�−t��)
H(f) (ab)Γ(f) (57)

where

(ab)Γ(f) ≡
�

dΩ̂P (Ω)κab(f, Ω̂)

�
�

A

F
A
a (Ω̂)FA

b (Ω̂)

�
,

(58)
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We can obtain an insight by considering the Euclidean
version of it. Let n be the number of source per unit
volume. In the conical volume within the solid angle dΩ
and distance D and D + dD the number of sources that
contribute to the background is:

dN = nD
2
dDdΩ (46)

The energy density of each source scales as 1/D2, and we
just write

dρgw
dN

=
A

D2
(47)

where A is the appropriate constant factor.
The mean contribution to the background from the

sources in the solid angle dΩ is the fore:

µΩ =

� DM

Dm

dρgw
dN

dN (48a)

= nAdΩ

� DM

Dm

dD (48b)

= nA [DM −Dm] dΩ (48c)

The variance of the contribution is simply

σ2
Ω =

� DM

Dm

�
dρgw
dN

�2

dN (49a)

= nA
2
dΩ

� DM

Dm

dD

D2
(49b)

= nA
2

�
DM −Dm

DMDm

�
dΩ (49c)

(49d)

The level of anisotropy is then:

σΩ

µΩ
= (ndΩ)−1/2 [(DM −Dm)DMDm]−1/2 (50)

B. Timing residuals

Gravitational waves affect the time at which radio
pulses from millisecond pulsars are received at the tele-
scope. Let us consider a pulsar whose location in the
sky is described by the unit vector p̂ and radio frequency
ν0. At the telescope, pulses are actually received at a
frequency ν, which is related to the GW metric pertur-
bation by:

z(t, Ω̂) ≡ ν(t)− ν0
ν0

=
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

∆hab(t; Ω̂) . (51)

and [check the sign]

∆hab(t) ≡ hab(tp, Ω̂)− hab(t, Ω̂) (52)

is the difference between the metric perturbation at
the pulsar – the so-called pulsar term, with coordinates
(tp, �xp) – and at the Earth, the so-called Earth term, with
coordinates (t, �x). The quantity that is actually observed
is the time-residual r(t), which is simply the time integral
of Eq. (51),

r(t) =

� t

0
dt

�
z(t�, Ω̂) . (53)

In a given reference frame we use the following conven-
tions:

tp = te − L = t− L �xp = Lp̂ (54a)

te = t �xe = 0 (54b)

Eq. (52) becomes:

∆hab(t, Ω̂) =
�

A

� ∞

−∞
df

�

S2

dΩ̂ e
A
ab(Ω̂) hA(f, Ω̂) e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

(55)

Summing over repeated indices, the redshift from a given
pulsar is then:

z(t) =

� ∞

−∞
df

�

S2

dΩ̂ F
A(Ω̂)hA(f, Ω̂)e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

where F
A(Ω̂) is the antenna beam pattern for each po-

larisation A, defined as

F
A(Ω̂) =

�
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

e
A
ab(Ω̂)

�
. (56)

The search for a stochastic background contribution in
pulsar timing data relies on correlations in the residual
from different pulsars induced by GWs. These correla-
tions in turn depend on the on the spectral properties of
the radiation and the antenna beam pattern convolved
with the angular distribution of the signal in the sky.
The elements of the correlation matrix from pulsar a

at time tj and from pulsar b time tk are:

�r∗a(tj)rb(tk)� =
�� tj

dt
�
� tk

dt
��
z
∗
a(t

�
, Ω̂)zb(t

��
, Ω̂)

�

=

�� tj

dt
�
� tk

dt
��
� +∞

−∞
df

�
� +∞

−∞
df

��̃
z
∗
a(f

�)z̃b(f
��) e−i2π(f �t�−f ��t��)

�

=

� tj

dt
�
� tk

dt
��
� +∞

−∞
dfe

−i2πf(t�−t��)
H(f) (ab)Γ(f) (57)

where

(ab)Γ(f) ≡
�

dΩ̂P (Ω)κab(f, Ω̂)

�
�

A

F
A
a (Ω̂)FA

b (Ω̂)

�
,

(58)
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We can obtain an insight by considering the Euclidean
version of it. Let n be the number of source per unit
volume. In the conical volume within the solid angle dΩ
and distance D and D + dD the number of sources that
contribute to the background is:

dN = nD
2
dDdΩ (46)

The energy density of each source scales as 1/D2, and we
just write

dρgw
dN

=
A

D2
(47)

where A is the appropriate constant factor.
The mean contribution to the background from the

sources in the solid angle dΩ is the fore:

µΩ =

� DM

Dm

dρgw
dN

dN (48a)

= nAdΩ

� DM

Dm

dD (48b)

= nA [DM −Dm] dΩ (48c)

The variance of the contribution is simply

σ2
Ω =

� DM

Dm

�
dρgw
dN

�2

dN (49a)

= nA
2
dΩ

� DM

Dm

dD

D2
(49b)

= nA
2

�
DM −Dm

DMDm

�
dΩ (49c)

(49d)

The level of anisotropy is then:

σΩ

µΩ
= (ndΩ)−1/2 [(DM −Dm)DMDm]−1/2 (50)

B. Timing residuals

Gravitational waves affect the time at which radio
pulses from millisecond pulsars are received at the tele-
scope. Let us consider a pulsar whose location in the
sky is described by the unit vector p̂ and radio frequency
ν0. At the telescope, pulses are actually received at a
frequency ν, which is related to the GW metric pertur-
bation by:

z(t, Ω̂) ≡ ν(t)− ν0
ν0

=
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

∆hab(t; Ω̂) . (51)

and [check the sign]

∆hab(t) ≡ hab(tp, Ω̂)− hab(t, Ω̂) (52)

is the difference between the metric perturbation at
the pulsar – the so-called pulsar term, with coordinates
(tp, �xp) – and at the Earth, the so-called Earth term, with
coordinates (t, �x). The quantity that is actually observed
is the time-residual r(t), which is simply the time integral
of Eq. (51),

r(t) =

� t

0
dt

�
z(t�, Ω̂) . (53)

In a given reference frame we use the following conven-
tions:

tp = te − L = t− L �xp = Lp̂ (54a)

te = t �xe = 0 (54b)

Eq. (52) becomes:

∆hab(t, Ω̂) =
�

A

� ∞

−∞
df

�

S2

dΩ̂ e
A
ab(Ω̂) hA(f, Ω̂) e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

(55)

Summing over repeated indices, the redshift from a given
pulsar is then:

z(t) =

� ∞

−∞
df

�

S2

dΩ̂ F
A(Ω̂)hA(f, Ω̂)e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

where F
A(Ω̂) is the antenna beam pattern for each po-

larisation A, defined as

F
A(Ω̂) =

�
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

e
A
ab(Ω̂)

�
. (56)

The search for a stochastic background contribution in
pulsar timing data relies on correlations in the residual
from different pulsars induced by GWs. These correla-
tions in turn depend on the on the spectral properties of
the radiation and the antenna beam pattern convolved
with the angular distribution of the signal in the sky.
The elements of the correlation matrix from pulsar a

at time tj and from pulsar b time tk are:

�r∗a(tj)rb(tk)� =
�� tj

dt
�
� tk

dt
��
z
∗
a(t

�
, Ω̂)zb(t

��
, Ω̂)

�

=

�� tj

dt
�
� tk

dt
��
� +∞

−∞
df

�
� +∞

−∞
df

��̃
z
∗
a(f

�)z̃b(f
��) e−i2π(f �t�−f ��t��)

�

=

� tj

dt
�
� tk

dt
��
� +∞

−∞
dfe

−i2πf(t�−t��)
H(f) (ab)Γ(f) (57)

where

(ab)Γ(f) ≡
�

dΩ̂P (Ω)κab(f, Ω̂)

�
�

A

F
A
a (Ω̂)FA

b (Ω̂)

�
,

(58)
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• The metric perturbation can now be 
written as

• and the redshift z(t) can now be defined as
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∆hab(t, Ω̂) =
�

A

� ∞

−∞
df

�

S2

dΩ̂ eAab(Ω̂) hA(f, Ω̂) e
i2πft

�
ei2πfL(1+Ω̂·p̂)− 1

�

6

We can obtain an insight by considering the Euclidean
version of it. Let n be the number of source per unit
volume. In the conical volume within the solid angle dΩ
and distance D and D + dD the number of sources that
contribute to the background is:

dN = nD
2
dDdΩ (46)

The energy density of each source scales as 1/D2, and we
just write

dρgw
dN

=
A

D2
(47)

where A is the appropriate constant factor.
The mean contribution to the background from the

sources in the solid angle dΩ is the fore:

µΩ =

� DM

Dm

dρgw
dN

dN (48a)

= nAdΩ

� DM

Dm

dD (48b)

= nA [DM −Dm] dΩ (48c)

The variance of the contribution is simply

σ2
Ω =

� DM

Dm

�
dρgw
dN

�2

dN (49a)

= nA
2
dΩ

� DM

Dm

dD

D2
(49b)

= nA
2

�
DM −Dm

DMDm

�
dΩ (49c)

(49d)

The level of anisotropy is then:

σΩ

µΩ
= (ndΩ)−1/2 [(DM −Dm)DMDm]−1/2 (50)

B. Timing residuals

Gravitational waves affect the time at which radio
pulses from millisecond pulsars are received at the tele-
scope. Let us consider a pulsar whose location in the
sky is described by the unit vector p̂ and radio frequency
ν0. At the telescope, pulses are actually received at a
frequency ν, which is related to the GW metric pertur-
bation by:

z(t, Ω̂) ≡ ν(t)− ν0
ν0

=
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

∆hab(t; Ω̂) . (51)

and [check the sign]

∆hab(t) ≡ hab(tp, Ω̂)− hab(t, Ω̂) (52)

is the difference between the metric perturbation at
the pulsar – the so-called pulsar term, with coordinates
(tp, �xp) – and at the Earth, the so-called Earth term, with
coordinates (t, �x). The quantity that is actually observed
is the time-residual r(t), which is simply the time integral
of Eq. (51),

r(t) =

� t

0
dt

�
z(t�, Ω̂) . (53)

In a given reference frame we use the following conven-
tions:

tp = te − L = t− L �xp = Lp̂ (54a)

te = t �xe = 0 (54b)

Eq. (52) becomes:

∆hab(t, Ω̂) =
�

A

� ∞

−∞
df

�

S2

dΩ̂ e
A
ab(Ω̂) hA(f, Ω̂) e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

(55)

Summing over repeated indices, the redshift from a given
pulsar is then:

z(t) =

� ∞

−∞
df

�

S2

dΩ̂ F
A(Ω̂)hA(f, Ω̂)e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

where F
A(Ω̂) is the antenna beam pattern for each po-

larisation A, defined as

F
A(Ω̂) =

�
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

e
A
ab(Ω̂)

�
. (56)

The search for a stochastic background contribution in
pulsar timing data relies on correlations in the residual
from different pulsars induced by GWs. These correla-
tions in turn depend on the on the spectral properties of
the radiation and the antenna beam pattern convolved
with the angular distribution of the signal in the sky.
The elements of the correlation matrix from pulsar a

at time tj and from pulsar b time tk are:

�r∗a(tj)rb(tk)� =
�� tj

dt
�
� tk

dt
��
z
∗
a(t

�
, Ω̂)zb(t
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, Ω̂)
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=
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dt
�
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dt
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df

�
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=
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dt
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� tk

dt
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dfe

−i2πf(t�−t��)
H(f) (ab)Γ(f) (57)

where

(ab)Γ(f) ≡
�

dΩ̂P (Ω)κab(f, Ω̂)

�
�

A

F
A
a (Ω̂)FA

b (Ω̂)

�
,

(58)

where            is the Antenna Beam Pattern,FA(Ω̂)
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We can obtain an insight by considering the Euclidean
version of it. Let n be the number of source per unit
volume. In the conical volume within the solid angle dΩ
and distance D and D + dD the number of sources that
contribute to the background is:

dN = nD
2
dDdΩ (46)

The energy density of each source scales as 1/D2, and we
just write

dρgw
dN

=
A

D2
(47)

where A is the appropriate constant factor.
The mean contribution to the background from the

sources in the solid angle dΩ is the fore:

µΩ =

� DM

Dm

dρgw
dN

dN (48a)

= nAdΩ

� DM

Dm

dD (48b)

= nA [DM −Dm] dΩ (48c)

The variance of the contribution is simply

σ2
Ω =
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(49b)
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(49d)

The level of anisotropy is then:

σΩ

µΩ
= (ndΩ)−1/2 [(DM −Dm)DMDm]−1/2 (50)

B. Timing residuals

Gravitational waves affect the time at which radio
pulses from millisecond pulsars are received at the tele-
scope. Let us consider a pulsar whose location in the
sky is described by the unit vector p̂ and radio frequency
ν0. At the telescope, pulses are actually received at a
frequency ν, which is related to the GW metric pertur-
bation by:

z(t, Ω̂) ≡ ν(t)− ν0
ν0

=
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

∆hab(t; Ω̂) . (51)

and [check the sign]

∆hab(t) ≡ hab(tp, Ω̂)− hab(t, Ω̂) (52)

is the difference between the metric perturbation at
the pulsar – the so-called pulsar term, with coordinates
(tp, �xp) – and at the Earth, the so-called Earth term, with
coordinates (t, �x). The quantity that is actually observed
is the time-residual r(t), which is simply the time integral
of Eq. (51),

r(t) =

� t

0
dt

�
z(t�, Ω̂) . (53)

In a given reference frame we use the following conven-
tions:

tp = te − L = t− L �xp = Lp̂ (54a)

te = t �xe = 0 (54b)

Eq. (52) becomes:

∆hab(t, Ω̂) =
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A
ab(Ω̂) hA(f, Ω̂) e
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e
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(55)

Summing over repeated indices, the redshift from a given
pulsar is then:

z(t) =
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−∞
df
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S2

dΩ̂ F
A(Ω̂)hA(f, Ω̂)e

i2πft
�
e
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where F
A(Ω̂) is the antenna beam pattern for each po-

larisation A, defined as

F
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. (56)

The search for a stochastic background contribution in
pulsar timing data relies on correlations in the residual
from different pulsars induced by GWs. These correla-
tions in turn depend on the on the spectral properties of
the radiation and the antenna beam pattern convolved
with the angular distribution of the signal in the sky.
The elements of the correlation matrix from pulsar a

at time tj and from pulsar b time tk are:
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�� tj
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�
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where
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(58)
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• The search for a stochastic background 
contribution in pulsar timing data relies on 
correlations in the residual from different pulsars 
induced by GWs. 

• These correlations in turn depend on the on the 
spectral properties of the radiation and the 
antenna beam pattern convolved with the angular 
distribution of the signal in the sky.
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6

We can obtain an insight by considering the Euclidean
version of it. Let n be the number of source per unit
volume. In the conical volume within the solid angle dΩ
and distance D and D + dD the number of sources that
contribute to the background is:

dN = nD
2
dDdΩ (46)

The energy density of each source scales as 1/D2, and we
just write

dρgw
dN

=
A

D2
(47)

where A is the appropriate constant factor.
The mean contribution to the background from the

sources in the solid angle dΩ is the fore:

µΩ =

� DM

Dm

dρgw
dN

dN (48a)

= nAdΩ

� DM

Dm

dD (48b)

= nA [DM −Dm] dΩ (48c)

The variance of the contribution is simply

σ2
Ω =

� DM

Dm

�
dρgw
dN

�2

dN (49a)

= nA
2
dΩ

� DM

Dm

dD

D2
(49b)

= nA
2

�
DM −Dm

DMDm

�
dΩ (49c)

(49d)

The level of anisotropy is then:

σΩ

µΩ
= (ndΩ)−1/2 [(DM −Dm)DMDm]−1/2 (50)

B. Timing residuals

Gravitational waves affect the time at which radio
pulses from millisecond pulsars are received at the tele-
scope. Let us consider a pulsar whose location in the
sky is described by the unit vector p̂ and radio frequency
ν0. At the telescope, pulses are actually received at a
frequency ν, which is related to the GW metric pertur-
bation by:

z(t, Ω̂) ≡ ν(t)− ν0
ν0

=
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

∆hab(t; Ω̂) . (51)

and [check the sign]

∆hab(t) ≡ hab(tp, Ω̂)− hab(t, Ω̂) (52)

is the difference between the metric perturbation at
the pulsar – the so-called pulsar term, with coordinates
(tp, �xp) – and at the Earth, the so-called Earth term, with
coordinates (t, �x). The quantity that is actually observed
is the time-residual r(t), which is simply the time integral
of Eq. (51),

r(t) =

� t

0
dt

�
z(t�, Ω̂) . (53)

In a given reference frame we use the following conven-
tions:

tp = te − L = t− L �xp = Lp̂ (54a)

te = t �xe = 0 (54b)

Eq. (52) becomes:

∆hab(t, Ω̂) =
�

A

� ∞

−∞
df

�

S2

dΩ̂ e
A
ab(Ω̂) hA(f, Ω̂) e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

(55)

Summing over repeated indices, the redshift from a given
pulsar is then:

z(t) =

� ∞

−∞
df

�

S2

dΩ̂ F
A(Ω̂)hA(f, Ω̂)e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

where F
A(Ω̂) is the antenna beam pattern for each po-

larisation A, defined as

F
A(Ω̂) =

�
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

e
A
ab(Ω̂)

�
. (56)

The search for a stochastic background contribution in
pulsar timing data relies on correlations in the residual
from different pulsars induced by GWs. These correla-
tions in turn depend on the on the spectral properties of
the radiation and the antenna beam pattern convolved
with the angular distribution of the signal in the sky.
The elements of the correlation matrix from pulsar a

at time tj and from pulsar b time tk are:

�r∗a(tj)rb(tk)� =
�� tj

dt
�
� tk

dt
��
z
∗
a(t

�
, Ω̂)zb(t

��
, Ω̂)

�

=

�� tj

dt
�
� tk

dt
��
� +∞

−∞
df

�
� +∞

−∞
df

��̃
z
∗
a(f

�)z̃b(f
��) e−i2π(f �t�−f ��t��)

�

=

� tj

dt
�
� tk

dt
��
� +∞

−∞
dfe

−i2πf(t�−t��)
H(f) (ab)Γ(f) (57)

where

(ab)Γ(f) ≡
�

dΩ̂P (Ω)κab(f, Ω̂)

�
�

A

F
A
a (Ω̂)FA

b (Ω̂)

�
,

(58)
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We can obtain an insight by considering the Euclidean
version of it. Let n be the number of source per unit
volume. In the conical volume within the solid angle dΩ
and distance D and D + dD the number of sources that
contribute to the background is:

dN = nD
2
dDdΩ (46)

The energy density of each source scales as 1/D2, and we
just write

dρgw
dN

=
A

D2
(47)

where A is the appropriate constant factor.
The mean contribution to the background from the

sources in the solid angle dΩ is the fore:

µΩ =

� DM

Dm

dρgw
dN

dN (48a)

= nAdΩ

� DM

Dm

dD (48b)

= nA [DM −Dm] dΩ (48c)

The variance of the contribution is simply

σ2
Ω =

� DM

Dm

�
dρgw
dN

�2

dN (49a)

= nA
2
dΩ

� DM

Dm

dD

D2
(49b)

= nA
2

�
DM −Dm

DMDm

�
dΩ (49c)

(49d)

The level of anisotropy is then:

σΩ

µΩ
= (ndΩ)−1/2 [(DM −Dm)DMDm]−1/2 (50)

B. Timing residuals

Gravitational waves affect the time at which radio
pulses from millisecond pulsars are received at the tele-
scope. Let us consider a pulsar whose location in the
sky is described by the unit vector p̂ and radio frequency
ν0. At the telescope, pulses are actually received at a
frequency ν, which is related to the GW metric pertur-
bation by:

z(t, Ω̂) ≡ ν(t)− ν0
ν0

=
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

∆hab(t; Ω̂) . (51)

and [check the sign]

∆hab(t) ≡ hab(tp, Ω̂)− hab(t, Ω̂) (52)

is the difference between the metric perturbation at
the pulsar – the so-called pulsar term, with coordinates
(tp, �xp) – and at the Earth, the so-called Earth term, with
coordinates (t, �x). The quantity that is actually observed
is the time-residual r(t), which is simply the time integral
of Eq. (51),

r(t) =

� t

0
dt

�
z(t�, Ω̂) . (53)

In a given reference frame we use the following conven-
tions:

tp = te − L = t− L �xp = Lp̂ (54a)

te = t �xe = 0 (54b)

Eq. (52) becomes:

∆hab(t, Ω̂) =
�

A

� ∞

−∞
df

�

S2

dΩ̂ e
A
ab(Ω̂) hA(f, Ω̂) e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

(55)

Summing over repeated indices, the redshift from a given
pulsar is then:

z(t) =

� ∞

−∞
df

�

S2

dΩ̂ F
A(Ω̂)hA(f, Ω̂)e

i2πft
�
e
i2πfL(1+Ω̂·p̂)− 1

�

where F
A(Ω̂) is the antenna beam pattern for each po-

larisation A, defined as

F
A(Ω̂) =

�
1

2

p̂
a
p̂
b

1 + p̂aΩ̂a

e
A
ab(Ω̂)

�
. (56)

The search for a stochastic background contribution in
pulsar timing data relies on correlations in the residual
from different pulsars induced by GWs. These correla-
tions in turn depend on the on the spectral properties of
the radiation and the antenna beam pattern convolved
with the angular distribution of the signal in the sky.
The elements of the correlation matrix from pulsar a

at time tj and from pulsar b time tk are:

�r∗a(tj)rb(tk)� =
�� tj

dt
�
� tk

dt
��
z
∗
a(t

�
, Ω̂)zb(t

��
, Ω̂)

�

=

�� tj

dt
�
� tk

dt
��
� +∞

−∞
df

�
� +∞

−∞
df

��̃
z
∗
a(f

�)z̃b(f
��) e−i2π(f �t�−f ��t��)

�

=

� tj

dt
�
� tk

dt
��
� +∞

−∞
dfe

−i2πf(t�−t��)
H(f) (ab)Γ(f) (57)

where

(ab)Γ(f) ≡
�

dΩ̂P (Ω)κab(f, Ω̂)

�
�

A

F
A
a (Ω̂)FA

b (Ω̂)

�
,

(58)
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and

κab(f, Ω̂) ≡
�
1− ei2πfLa(1+Ω̂·p̂a)

� �
1− e−i2πfLb(1+Ω̂·p̂b)

�
.

(59)
For the case of an isotropic background and Lf � 1
Eq. (58) becomes:

(ab)Γ(f) �
�

dΩ̂
�

A

FA
a (Ω̂)FA

b (Ω̂) (60)

which is precisely the Hellings and Downs curve.
For the case of an anisotropic background, we can de-

compose P (Ω) according to Eq. (9) and the overlap re-
duction function (58) becomes:

(ab)Γ(f) =
�

lm

cml
(ab)Γm

l (f) (61)

where

(ab)Γm
l (f) ≡

�
dΩ̂Y m

l (Ω)κab(f, Ω̂)

�
�

A

FA
a (Ω̂)FA

b (Ω̂)

�

(62)
are the generalised overlap reduction functions.

The decomposition (61) and (62) is based on the com-
plex basis spherical harmonic functions Y m

l (Ω). One can
alternatively consider a decomposition on a real basis
Ylm(Ω), that are defined in terms of their complex anal-
ogous by:

Ylm =






1√
2

�
Y m
l + (−1)mY −m

l

�
m > 0

Y 0
l m = 0
1

i
√
2

�
Y −m
l − (−1)mY m

l

�
m < 0

(63)

Consequently, the real-form generalised overlap reduc-
tion functions are:

(ab)Γlm =






1√
2

�
(ab)Γm

l + (−1)m (ab)Γ−m
l

�
m > 0

(ab)Γ0
l m = 0

1
i
√
2

�
(ab)Γ−m

l − (−1)m (ab)Γm
l

�
m < 0

(64)
In the next Section we study the properties of

(ab)Γm
l (f) and compute them for a generic pulsar pair.

II. GENERALISED OVERLAP-REDUCTION

FUNCTIONS

In this Section we compute the generalised overlap-
reduction functions, Eq. (62) for a generic pulsar pair
and explore their properties. Anholm et al. [45] con-
sidered the particular case of the overlap-reduction func-
tion between two pulsars for radiation described by dipole
anisotropy. Here we go beyond, and consider an arbitrary
angular distribution of the background. Our approach
is based on decomposing the power of the background
at different angular scales onto spherical harmonics, cfr.

Eq. (9) and we show how the result obtained by Anholm
et al. maps into our formalism.
In the case of an isotropic background the geometrical

factor that describes the correlation between the timing-
residuals from two pulsars is only a function of the angle
subtended by the directions of the pulsars in the sky,
assuming that fL � 1 and κab(f) � 1, as is the case
for current PTAs. For an anisotropic background, the
generalised overlap-reduction functions do not depend on
a single angle anymore but rather on the specific angular
distribution of the actual anisotropy and the location of
the two pulsars with respect to it.
In our analysis we will follow the approach considered

by Allen and Ottewill [34] for the equivalent problem in
the case of ground-based laser interferometers. In par-
ticular, we introduce a “cosmic rest-frame” where the
angular dependency of the anisotropy is described and a
“computational frame”, in which some of the key expres-
sions are a particularly simple form, and provide some
intuitive clues into the problem. We define the compu-
tational frame as the frame in which pulsar Pa is on the
z-axis, and pulsar Pb is in the (x, y) plane. This is the
standard frame that is used in e.g. [45] to compute the
Hellings and Downs curve for the isotropic case. Dif-
ferent choices of pulsars will give different computational
frames, and the rotation to transform the results into the
cosmic rest-frame will be different. This has no impact
for an isotropic distribution in the sky, but it does affect
the results for anisotropic distributions.
Let us consider a generic vector �v, and let vu (un-

primed) be the component in the cosmic (fixed) frame
and vu

�
(primed) the component in the computational

frame, which will be different for every pulsar pair. The
components of the vector in the two different frames are
related by:

vu
�
= Rz(γ)Ry(β)Rz(α)v

u

= R(α,β, γ) vu (65)

where R(α,β, γ) is the rotation matrix. We define the ro-
tation matrix R(α,β, γ) using the conventions of XXX.
We will need to make three rotations to go from the cos-
mological frame to the computational frame. The first is
a rotation around the z axis to align pulsar Pa along the
(x̄, z̄) plane. The second rotation is around ȳ to bring
pulsar Pa along the ¯̄z axis. Finally we rotate around ¯̄z to
bring pulsar Pb into the x���-z��� plane which is the com-
putational frame where we’ll make our calculations. The
general rotation matrix for 3 rotations is constructed as

R(α,β, γ) = (66)



cos γ sin γ 0
− sin γ cos γ 0

0 0 1








cosβ 0 − sinβ
0 1 0

sinβ 0 cosβ








cosα sinα 0
− sinα cosα 0

0 0 1



 .

If in the fixed cosmic frame the pulsars Pa and Pb have
polar coordinates (θa,φa) and (θb,φb), respectively, given
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PTA Geometry
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image:  S. Chamberlin, X. Siemens (2011)

2

FIG. 1: Pulsar positions are given with respect to the Solar
System barycenter (located at the origin). Here θ and φ are

the typical polar and azimuthal angles (as projected from the
position of pulsar 1), and pulsar 1 and pulsar 2 are separated

by angle ξ. A gravitational wave, characterized by
polarization angle ψ, propagates along the Ω̂ direction.

relevant to pulsar timing. This is not the case for the transverse
tensor and breathing modes. In Section VI, we compute the
overlap reduction functions for the current NANOGrav PTA
and show that sensitivity to the scalar-longitudinal and vector
(shear) modes increases by at least an order of magnitude for
nearby pulsar pairs for vector modes, and about four orders
of magnitude for the longitudinal mode. We summarize our
results in Section VII. Throughout we work in units where the
speed of light c = 1.

II. DETECTING GRAVITATIONAL WAVES WITH A
PULSAR TIMING ARRAY

The radio pulses from pulsars arrive at our radio telescopes
at very steady rates. Pulsar timing experiments exploit this
regularity. Fluctuations in the time of arrival of radio pulses,
after all known effects have been accounted for, might be due
to the presence of a GW background. If a GW is present the
signal from the pulsar can be red-shifted (or blue-shifted). For
a GW propagating in the direction Ω̂, the redshift of signals
from a pulsar in the direction p̂ is given by [23, 24]

z(t, Ω̂) =
p̂ip̂j

2
�
1 + Ω̂ · p̂

� [hij(tp, Ω̂)− hij(te, Ω̂)] (1)

where hij is the metric perturbation and tp, te represent the
times the pulse was emitted at the pulsar and the time received

FIG. 2: Motion of test masses in response to GWs of the six
polarization modes. The plus (+), cross (×), and

scalar-breathing (b) mode GWs are transverse, while the two
vector modes (x, y) and the scalar-longitudinal (l) mode

GWs are non-transverse. Figure reproduced from Nishizawa
et al. [20] with permission.

at the Solar System barycenter, and we have defined

z(t, Ω̂) =
νe − νp

νp
. (2)

Note that this is the opposite of the sign convention normally
used in the literature [23]. Modified gravity theories extend
the possible polarization modes of GWs present in general rel-
ativity – the plus (+) and cross (×) modes– to a maximum of
six possible modes. For the two pulsar–Earth system shown
in Fig. 1, the GW coordinate system is given by

Ω̂ = (sin θ cosφ, sin θ sinφ, cos θ)

m̂ = (sinφ,− cosφ, 0) (3)
n̂ = (cos θ cosφ, cos θ sinφ,− sin θ)

where, relative to [20], we have fixed the GW polarization
angle ψ = −π/2 to agree with the conventions in [25]. From
(3), the GW polarization tensors can be constructed [26]

�+ij = m̂⊗ m̂− n̂⊗ n̂, �×ij = m̂⊗ n̂+ n̂⊗ m̂

�bij = m̂⊗ m̂+ n̂⊗ n̂, �lij = Ω̂⊗ Ω̂ (4)

�xij = m̂⊗ Ω̂+ Ω̂⊗ m̂, �yij = n̂⊗ Ω̂+ Ω̂⊗ n̂

where ⊗ is the tensor product and Ω̂ is the direction of GW
propagation. Here, x and y correspond to the vector (spin-
1) polarization modes while b and l correspond to the scalar
(spin-0) breathing and longitudinal modes, respectively. The
plus, cross and breathing modes are characterized by trans-
verse GW propagation, while the longitudinal and vector (or
shear) modes are non-transverse in nature (see Fig. 2).

This choice of coordinates zeroes one of the antenna 
beam patterns

14

To speed up PTA pipelines which look for the GW
background, we introduced rotation matrices which can
be used to rotate any of the dipole or quadrupole
anisotropies from the computational frame into the pul-
sar’s rest frame. These analytical solutions together with
the rotation matrices make computing anisotropic com-
ponents to the GW background extremely fast. We then
give an approximation of the pulsar term where it is the
strongest – for ζ <∼ 2/(5fL). Appendix B guides the
reader through this calculation.

We finish by giving special consideration to future pul-
sars which may be close enough to put the large fL ap-
proximation in to question. We show that for fL = 1,
real part does not quickly converge to zero and the imag-
inary part is also important for Γ0

1 and Γ0
2. We gave

some examples of current pulsars from the IPTA Mock
Data Challenge 1 and the ATNF catalogue to show that
for the current pulsar population, the Earth term only
approximation is still very good.

Sesana has recently carried out a systematic investi-
gation of the expected GW signal from SMBHB which
indicates that the direct detection of a GW background
is indeed a factor of 3-to-10 below current PTA limits
[25]. When the background is detected, methods out-
lined in this paper will be necessary for characterising
anisotropies within it.
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Appendix A: Detailed Derivations of the
Generalised Hellings and Downs curves

The detector response functions:

F×
1 = 0 (A1a)

F+
1 = −1

2
(1− cos θ) (A1b)

F×
2 =

1

2

(sinφsin ζ)(cos θsin ζcosφ−sin θcos ζ)

1+cos θcos ζ + sin θsin ζ cosφ
(A1c)

F+
2 =

1

2

(sinφ sin ζ)2−(sin ζcos θcosφ− sin θcos ζ)2

1+cos θ cos ζ + sin θ sin ζ cosφ
.

(A1d)

We introduce an angular dependence in the overlap re-
duction function by writing it in terms spherical harmon-
ics:

Y m
l (θ,φ) =

�
(2l + 1)

4π

(l −m)!

(l +m)!
Pm
l (cos θ)eimφ, (A2)

= Nm
l Pm

l (cos θ)eimφ, (A3)
where m and l are integers by definition, Nm

l =�
(2l+1)

4π
(l−m)!
(l+m)! and the Pm

l are the Associated Legendre

polynomials:

Pm
l (x) =

(−1)m

2ll!
(1− x2)m/2 dl+m

dxl+m
(x2 − 1)l. (A4)

P−m
l (x) = (−1)m

(l −m)!

(l +m)!
Pm
l (x). (A5)

One can also choose to write a real basis for spherical
harmonics. This depends on the sign of m: if m > 0,

Ylm =
1√
2

�
Y m
l + (−1)mY −m

l

�
=

√
2Nm

l Pm
l (cos θ) cosmφ,

(A6)
if m = 0,

Ylm = Y 0
l (A7)

and finally if m < 0,

Ylm =
1

i
√
2

�
Y −m
l − (−1)mY m

l

�
=

√
2N |m|

l P |m|
l (cos θ) sin |m|φ.

(A8)
The general expression for any Γm

l can now be written
as:

Γm
l (Ω̂) =

�

S2

dΩ̂(F+
1 · F+

2 + F×
1 · F×

2 )Y m
l (θ,φ), (A9)

and using the definition of FA
ab we can write

Γm
l (Ω̂) = −1

4

�

S2

dΩ̂Y m
l (θ,φ)(1− cos θ)(sin2 ζ sin2 φ− sin2 ζ cos2 θ cos2 φ− cos2ζ sin2 θ + 2 sin ζcos ζsin θ cos θ cosφ)

1 + sin ζ sin θ cosφ+ cos ζ cos θ
.

(A10)

This can be factored in such a way that it is expressed
as the sum of two integrals Γm

l = 1
4 (Q

m
l +Rm

l ) where

Qm
l = Nm

l

� π

0
dθ sin θ(1−cos θ)Pm

l (cos θ)

� 2π

0
dφ(1−cos ζcos θ−sin ζsin θ cosφ)eimφ (A11)

Rm
l =−Nm

l 2 sin2 ζ

� π

0
dθ sin θ(1−cos θ)Pm

l (cos θ)Im(A12)

Im ≡
� 2π

0
dφ

eimφ sin2 φ

1 + cos ζcos θ + sin ζsin θ cosφ
. (A13)
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The GW background

14

hc(f) = A

�
f

yr−1

�α

P (f) =
1

12π2

1

f3
hc(f)

2

P (f)

Ωgw(f) =
2

3

π2

H
2
0

f
2
hc(f)

2

Defined in terms of characteristic strain:

where 

;

        is the one-sided power spectrum of the 
induced residuals, R(t), and the energy density of the 
background is

� ∞

0
P (f)df = R(t)2

Jenet et al, ApJ 653:1571-1576 (2006)
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GW Spectrum

15

P. Demorest et al, 2009
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Isotropic Background (?)

• Background always considered to be 
isotropic.

• If background is detected, need a way to 
analyse it, hence, ensuring it is origin is 
cosmological as predicted.

• Can use spherical harmonics to look for an 
angular power distribution (i.e. anisotropy)

16
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Anisotropy

• We decompose the angular distribution 
function on the basis of the spherical 
harmonic functions

• Now write generalised correlation fns as:

17

P (Ω̂) ≡
�

lm

cml Y m
l (Ω̂)

Γm
l (f, Ω̂) ≡

�
dΩ̂P (Ω)κab(f, Ω̂)

�
�

A

FA
a (Ω̂)FA

b (Ω̂)

�
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New Overlap 
Reduction Functions

• We then analytically compute these          
in a “computational frame” and then rotate 
them back into the cosmic “rest 
frame” (see Allen and Ottewill 1997)

• Compute using “Earth term” only (large fL)

• New functions computed up to quadrupole

• New search parameters are

• Functions not pre-normalised      
18

Γm
l (ξ)

clm
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Isotropy or HD Curve

19
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Dipole
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We will carry on our derivation of the anisotropic over-

lap reduction function, Γm
l , assuming (unless otherwise

specified) that L1 = L2, fL ≥ 10 (the condition for ne-

glecting the pulsar term as shown by [45] and that we are

in the large fL limit so that κ(Ω̂, fL, ζ) ∼ 1:

Γm
l (Ω̂) =

�

S2

dΩ̂(F+
1 · F+

2 + F×
1 · F×

2 )Y m
l (θ,φ), (81)

This can be broken up into the sum of 2 integrals: Γm
l =

1
4 (Q

m
l +Rm

l ), where

Qm
l = Nm

l

� π

0
dθ sin θ(1−cos θ)Pm

l (cos θ)

� 2π
0 dφeimφ

(1− cos ζ cos θ − sin ζ sin θ cosφ), (82)

Rm
l = −2Nm

l sin
2 ζ

� π

0
dθ sin θ(1−cos θ)Pm

l (cos θ)

� 2π
0 dφ

eimφ
sin

2 φ

(1 + cos ζcos θ + sin ζsin θ cosφ)
. (83)

We will now evaluate theQm
l and Rm

l integrals separately

and then combine them to get Γm
l . It is interesting to

note that non-zero solutions to Eq (82) only exist form =

−1, 0, 1, as we prove in Appendix A, Lemma 1. Usually

introducing a negative order of m into the correlation

equations would require taking the complex conjugate,

however since the Earth term Γm
l s are all real (see Lemma

2 in Appendix A), we can account for negative orders of

m by Γ−m
l = (−1)

mΓm
l . This stems from the properties

of the Associated Legendre Polynomials defined in Eq

(A5).

The Hellings and Downs curve is indeed the isotropic

solution (or monopole) of Eq (81):

Γ0
0 =

√
π

2

�
1 +

cos ζ

3
+ 4(1− cos ζ) ln

�
sin

ζ

2

��
. (84)

The dipole anisotropies correspond to l = 1, hence

m = −1, 0, 1. Anisotropy can therefore be expressed as a

combination of c1−1Γ
−1
1 , c10Γ0

1 and c11Γ1
1, with appropri-

ate weights clm which are in general complex. We define

a = (1+cos ζ) and b = (1−cos ζ), and write the solutions

as

Γ−1
1 = −1

2

�
π

6
sin ζ

�
1 + 3b

�
1 +

4

a
ln

�
sin

ζ

2

���
,

(85a)

Γ0
1 = −1

2

�
π

3

�
a+ 3b

�
a+ 4 ln

�
sin

ζ

2

���
, (85b)

Γ1
1 =

1

2

�
π

6
sin ζ

�
1 + 3b

�
1 +

4

a
ln

�
sin

ζ

2

���
. (85c)

Anholm et al (2009) [45] also give an expression for a

dipole in a fixed direction D̂ and define D̂·p̂1 ≡ cosα1 and

D̂ · p̂2 ≡ cosα2. The correlation function for their dipole

expression, which we will denote as Γ(α1,2), is given by

Γ(α1,2)= πC �
�
cos ζ− 4

3
−4 tan

2

�
ζ

2

�
ln

�
sin

ζ

2

��
, (86)
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FIG. 2. Dipole anisotropies, i.e. l = 1,m = −1, 0, 1, in the
computational frame. Since Γ0

1 is non-zero at ζ = 0, one
can see the function doubling introduced by the pulsar term,
explained in more detail in Appendix B. Note that Γ−1

1 =
−Γ1

1, since m is odd.

which is Eq. C23 in [45] with C �
= B(cosα1 + cosα2),

which is constant since B is their normalisation factor

and the dipole is in a fixed direction. We now write Eq

(86) in terms of our dipole correlation functions:

Γ(α1,2) = c10Γ
0
1 + c11Γ

1
1 + c1−1Γ

−1
1 . (87)

and calculate the clm coefficients. Note that tan
2
(ζ/2) =

(1 − cos ζ)/(1 + cos ζ) = b/a in our standard notation.

We then find that

c10 = c10, (88a)

c11 = c11, (88b)

c1−1 = 2C �
�

2π

3
csc ζ − c10

√
2 cot

�
ζ

2

�
+ c11, (88c)

where the c10 and c11 coefficients are free. This is not

surprising, as Γ1
1 = −Γ−1

1 , so we do next expect to have

3 independent coefficients.

The quadrupole anisotropies correspond to l = 2,

therefore m = −2,−1, 0, 1, 2, with

Γ−2
2 = Γ2

2,

Γ−1
2 = −Γ1

2,

Γ0
2 =

1

3

�
π

5

�
cos ζ+

15b

4

�
a(cos ζ+3) +8 ln

�
sin

ζ

2

���
,

(89a)

Γ1
2 =

1

4

�
2π

15
sin ζ

�
5 cos

2 ζ+15 cos ζ−21−60
b

a
ln

�
sin

ζ

2

��
,

(89b)

Γ2
2 = −1

4

�
5π

6

b

a

�
a(cos2 ζ+4 cos ζ − 9)− 24b ln

�
sin

ζ

2

��
.

(89c)

Mingarelli et al, in prep (2013)
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Quadrupole

21
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We will carry on our derivation of the anisotropic over-

lap reduction function, Γm
l , assuming (unless otherwise

specified) that L1 = L2, fL ≥ 10 (the condition for ne-

glecting the pulsar term as shown by [45] and that we are

in the large fL limit so that κ(Ω̂, fL, ζ) ∼ 1:

Γm
l (Ω̂) =

�

S2

dΩ̂(F+
1 · F+

2 + F×
1 · F×

2 )Y m
l (θ,φ), (81)

This can be broken up into the sum of 2 integrals: Γm
l =

1
4 (Q

m
l +Rm

l ), where

Qm
l = Nm

l

� π

0
dθ sin θ(1−cos θ)Pm

l (cos θ)

� 2π
0 dφeimφ

(1− cos ζ cos θ − sin ζ sin θ cosφ), (82)

Rm
l = −2Nm

l sin
2 ζ

� π

0
dθ sin θ(1−cos θ)Pm

l (cos θ)

� 2π
0 dφ

eimφ
sin

2 φ

(1 + cos ζcos θ + sin ζsin θ cosφ)
. (83)

We will now evaluate theQm
l and Rm

l integrals separately

and then combine them to get Γm
l . It is interesting to

note that non-zero solutions to Eq (82) only exist form =

−1, 0, 1, as we prove in Appendix A, Lemma 1. Usually

introducing a negative order of m into the correlation

equations would require taking the complex conjugate,

however since the Earth term Γm
l s are all real (see Lemma

2 in Appendix A), we can account for negative orders of

m by Γ−m
l = (−1)

mΓm
l . This stems from the properties

of the Associated Legendre Polynomials defined in Eq

(A5).

The Hellings and Downs curve is indeed the isotropic

solution (or monopole) of Eq (81):

Γ0
0 =

√
π

2

�
1 +

cos ζ

3
+ 4(1− cos ζ) ln

�
sin

ζ

2

��
. (84)

The dipole anisotropies correspond to l = 1, hence

m = −1, 0, 1. Anisotropy can therefore be expressed as a

combination of c1−1Γ
−1
1 , c10Γ0

1 and c11Γ1
1, with appropri-

ate weights clm which are in general complex. We define

a = (1+cos ζ) and b = (1−cos ζ), and write the solutions

as

Γ−1
1 = −1

2

�
π

6
sin ζ

�
1 + 3b

�
1 +

4

a
ln

�
sin

ζ

2

���
,

(85a)

Γ0
1 = −1

2

�
π

3

�
a+ 3b

�
a+ 4 ln

�
sin

ζ

2

���
, (85b)

Γ1
1 =

1

2
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π

6
sin ζ

�
1 + 3b

�
1 +

4

a
ln

�
sin

ζ

2

���
. (85c)

Anholm et al (2009) [45] also give an expression for a

dipole in a fixed direction D̂ and define D̂·p̂1 ≡ cosα1 and

D̂ · p̂2 ≡ cosα2. The correlation function for their dipole

expression, which we will denote as Γ(α1,2), is given by

Γ(α1,2)= πC �
�
cos ζ− 4

3
−4 tan

2

�
ζ

2

�
ln

�
sin

ζ

2

��
, (86)
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FIG. 2. Dipole anisotropies, i.e. l = 1,m = −1, 0, 1, in the
computational frame. Since Γ0

1 is non-zero at ζ = 0, one
can see the function doubling introduced by the pulsar term,
explained in more detail in Appendix B. Note that Γ−1

1 =
−Γ1

1, since m is odd.

which is Eq. C23 in [45] with C �
= B(cosα1 + cosα2),

which is constant since B is their normalisation factor

and the dipole is in a fixed direction. We now write Eq

(86) in terms of our dipole correlation functions:

Γ(α1,2) = c10Γ
0
1 + c11Γ

1
1 + c1−1Γ

−1
1 . (87)

and calculate the clm coefficients. Note that tan
2
(ζ/2) =

(1 − cos ζ)/(1 + cos ζ) = b/a in our standard notation.

We then find that

c10 = c10, (88a)

c11 = c11, (88b)

c1−1 = 2C �
�

2π

3
csc ζ − c10

√
2 cot

�
ζ

2

�
+ c11, (88c)

where the c10 and c11 coefficients are free. This is not

surprising, as Γ1
1 = −Γ−1

1 , so we do next expect to have

3 independent coefficients.

The quadrupole anisotropies correspond to l = 2,

therefore m = −2,−1, 0, 1, 2, with

Γ−2
2 = Γ2

2,

Γ−1
2 = −Γ1

2,

Γ0
2 =

1

3

�
π

5

�
cos ζ+

15b

4

�
a(cos ζ+3) +8 ln

�
sin

ζ

2

���
,

(89a)
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15
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(89b)

Γ2
2 = −1

4

�
5π

6

b

a

�
a(cos2 ζ+4 cos ζ − 9)− 24b ln

�
sin

ζ

2

��
.

(89c)

Mingarelli et al, in prep (2013)
21Friday, 5 April 2013



State of Anisotropy 
work for EPTA

• only PTA to embed anisotropy in pipeline

• can currently inject and recover anisotropy 
up to quadrupole (Taylor, Mingarelli, Vecchio 
and Gair, in prep 2013)

• cross checking results across pipelines 
within EPTA before releasing anisotropic 
limits

22

22Friday, 5 April 2013



From Anisotropy to 
Single Sources

• Some sources may be sufficiently close, 
high mass and high frequency to 
rise above the background, and even the 
anisotropic background limit to become 
individually resolvable

• Becomes much more plausible in SKA era

23
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PTAs as Time Machines

• IF the pulsar term, however, is in a different 
frequency bin AND is resolvable, PTAs can 
be used as time machines.

• In a PTA all the perturbations at the Earth 
add coherently (boosting SNR). Pulsar 
terms all at different frequencies.

• If pulsar term detected at SNR of 8, then 
the Earth term is at ~

24

or Mingarelli et al, PRL 109, 081104 (2012) 

36
�
N/20
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Pulsar Terms

25
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Connect the dots...

26
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Typical parameters
• Expect to detect SMBHBs that are still in 

the weak field adiabatic inspiral regime, 
with an orbital velocity 

• Orbital timescale of SMBHB (in yrs):

27

v = 1.7× 10
−2

(M/109 M⊙)
2/3

(f/50 nHz)2/3

f/ḟ = 1.6× 10
3
(M/109 M⊙)

−5/3
(f/50 nHz)

−8/3

µ = m1m2/M

M = M2/5µ3/5

where

27Friday, 5 April 2013



Orbital period vs light 
travel time from PSR

• Orbital period of the binary evolves over 
the light travel time between Earth and 
pulsar                                           yr. 

• Extended baseline is now comparable to 
orbital timescale.

28

∼ 3.3× 103 (Lp(1 + Ω̂ · p̂)/kpc)
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Source detectability

29

 In future, would need 
angular resolution of 

                 
arcsecs

and   
                                     pc

(SKA, R. Smits et al., 2011) 

� 3(100 nHz/f)(1 kpc/Lp)

∆Lp < 0.01(f/100nHz)
−1

29Friday, 5 April 2013



Use simple precession

30

Constraints

Simple precession

� Use simple precession approximation to model
spin-orbit coupling: m1 = m2

� total spin S = S1 + S2 and L, precesses around
the (essentially) constant direction of the total
angular momentum, Ĵ

� precesses at the same rate
dα/dt = (2 + 3m2/(2m1)) (|L+ S|)/r(t)3, while
preserving the angle of the precision cone, λL. In
this case, |S/L| ∼ O(0.1)

Chiara M. F. Mingarelli on behalf of K. Grover, T. Sidery, R.J.E. Smith and A. Vecchio: University of Birmingham, UK

Measuring the evolution of a super-massive black hole binary using Pulsar Timing Arrays
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Precession for varying 
spins

31
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Signals from precessing BHS

32

Strain for single source

Signals from precessing black holes

� model GW from a SMBHB using “restricted” pN
approximation: amplitude is taken at leading Newtonian order,
but we include the modulation effects produced by spin-orbit
coupling and pN corrections are included only in the phase.

� strain for a single source given by
h(t) = −Agw(t)Ap(t) cos[Φ(t) + ζ(t) + ϕ(t)], where Agw(t)
is the lowest order Newtonian GW amplitude.

� The physical parameters leave different observational
signatures in h(t) and therefore in the TOAs.

Chiara M. F. Mingarelli on behalf of K. Grover, T. Sidery, R.J.E. Smith and A. Vecchio: University of Birmingham, UK

Measuring the evolution of a super-massive black hole binary using Pulsar Timing Arrays 32Friday, 5 April 2013



Spin leaves 3 distinctive 
imprints in waveform

33

Spin effects

Spins: 3 distinctive imprints in waveform

1. Alter the phase evolution through spin-orbit coupling (at
p1.5N order, proportional to the parameter
β = (1/12)

�2
i=1

�
113(mi/M)2 + 75η

�
L̂ · Ŝi )

and at p2N via spin-spin coupling
σ = (η/48)[721(L̂ · Ŝ1)(L̂ · Ŝ2)− 247(Ŝ1 · Ŝ2])

2. they cause the orbital plane to precess due to (at lowest
order) spin-orbit coupling and therefore induce amplitude and
phase modulations in the waveform through Ap(t) and ζ(t)

3. through spin-orbit precession they introduce ϕ(t), analogous
to Thomas precession, to the waveform phase.

Chiara M. F. Mingarelli on behalf of K. Grover, T. Sidery, R.J.E. Smith and A. Vecchio: University of Birmingham, UK

Measuring the evolution of a super-massive black hole binary using Pulsar Timing Arrays
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Phase Modulations

34

Spin effects

phase modulations

Imprint of precession is
in Ap(t), ζ(t) and ϕ(t)
whose size depends on
λL, (maximised) p̂ and
Ω̂

Chiara M. F. Mingarelli on behalf of K. Grover, T. Sidery, R.J.E. Smith and A. Vecchio: University of Birmingham, UK

Measuring the evolution of a super-massive black hole binary using Pulsar Timing Arrays 34Friday, 5 April 2013



Amplitude Modulations

35

Spin effects

Amplitude modulations

Chiara M. F. Mingarelli on behalf of K. Grover, T. Sidery, R.J.E. Smith and A. Vecchio: University of Birmingham, UK

Measuring the evolution of a super-massive black hole binary using Pulsar Timing Arrays
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The pN expansion

36

Observations using the Earth term only.—We start by
considering analyses that rely only on the Earth term
contribution to the residuals, as done in Refs. [25,52].
The case of a coherent analysis based both on the Earth
and pulsar terms, introduced in Ref. [22], is discussed later
in this Letter. Table I shows that, in general, the frequency
change over 10 yrs is small compared to the frequency bin
width, 3:2ð10 yr=TÞ nHz [24,27]. The observed signal is
effectively monochromatic, making the dynamics of the
system impossible to infer. However, the presence of spins
affects the waveform not only through the GW phase
evolution, but also via the modulations of ApðtÞ and
’pðtÞ that are periodic over the precession period, and
also introduces the secular contribution ’TðtÞ. For m1;2 ¼
109M$ and fE ¼ 10%7 Hz, the orbital angular momentum
precesses by !! ¼ 2 rad (for dimensionless spin parame-
ter a & S=M2 ¼ 0:1) and !! ¼ 3 rad (for a ¼ 0:98),
and therefore the additional modulation effect on ApðtÞ
and ’pðtÞ is small and likely undetectable. However, the
overall change of ’TðtÞ over 10 yrs could be appreciable:
the average contribution for each precession cycle of this
additional phase term is h!’Ti ¼ 4" or 4"ð1% cos#LÞ,
depending on whether !̂ lies inside or outside the preces-

sion cone, respectively [49]. If !̂ lies inside the
precession cone, and given that the observation will cover
between a third and a half of a full precession cycle,
then h!’Ti' ", which could surely indicate the presence
of spins. On the other hand, the precession cone
will be small in general since jS=Lj' avðM=$Þ ’
0:1aðM=$ÞðM=109M$Þ1=3ðf=100 nHzÞ1=3; therefore, the

likelihood of !̂ lying inside the precession cone is small,
assuming an isotropic distribution and orientation of
sources. In this case, the Thomas precession contribu-
tion (per precession cycle) is suppressed by a factor

ð1%cos#LÞ’#2
L=2'5(10%3a2ðM=$Þ2ðM=109M$Þ2=3(

ðf=100 nHzÞ2=3, which will produce a negligible contribu-
tion !’TðtÞ ) 1. However unlikely, spins may still intro-
duce observable effects that need to be taken into account.

Measuring SMBHB evolution using the Earth and
pulsar terms.—With more sensitive observations and the

increasing possibility of precisely determining Lp—see,
e.g., [47]—the prospect of also observing the contribution
from the pulsar term from one or more pulsars becomes
more realistic. We show below that, if at least one of the
pulsar terms can be observed together with the Earth term,
this opens opportunities to study the dynamical evolution
of SMBHBs and, in principle, to measure their masses and
spins. This is a straightforward consequence of the fact that
PTAs become sensitive to '103 yrs of SMBHB evolu-
tionary history, in ‘‘snippets’’ of length T ) Lp that can
be coherently concatenated.
The signal from each pulsar term will be at a S=N which

is significantly smaller than the Earth term by a factor
' ffiffiffiffiffiffiffi

Np
p

, where Np is the number of pulsars that effectively
contribute to the S=N of the array. For example, if the Earth

term yields a S=N of '36
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Np=20

q
, then each individual

pulsar term would give a S=N ' 8. The possibility of
coherently connecting the Earth term signal with each
pulsar term becomes therefore a question of S=N, prior
information about the pulsar-Earth baseline, and how ac-
curately the SMBHB location in the sky can be recon-
structed, as part of a ‘‘global fit’’; see, e.g., [27]. Assuming

for simplicity that the uncertainties on Lp and !̂ are
uncorrelated, this requires that the distance to the pulsar
and the location of the GW source are known with
the errors & 0:01ð100 nHz=fÞ pc and & 3ð100 nHz=fÞ(
ð1 kpc=LpÞ arcsec, respectively. These are very stringent
constraints [24,28,47], and a detailed analysis is needed in
order to assess the feasibility of reaching this precision.
Clearly, if an electromagnetic counterpart to the GW
source were to be found [53,54], it would enable the
identification of the source location in the sky, making
the latter constraint unnecessary. We can now consider
the contribution from the different terms in the pN expan-
sion to the total number of cycles in observations that cover
the GW source evolution over the time % that are encoded
in the simultaneous analysis of the Earth and pulsar terms.
The results are summarized in Table I, for selected values
of m1;2 and fE and for a fiducial value % ¼ 1 kpc. The
wave cycle contributions from the spin-orbit parameter are

TABLE I. Frequency change !f, total number of GW cycles, and individual contributions from the leading order terms in the pN

expansion over the two relevant time scales—a 10 yr period starting at Earth and the time period Lpð1þ !̂ + p̂Þ between the Earth and
pulsar terms (hence the negative sign)—for selected values of m1;2 and fE.

m1 (M$) m2 (M$) fE (nHz) ðv=c( 10%2Þ Time span !f (nHz) Total Newtonian p1N p1:5N Spin orbit=& p2N

109 109 100 14.6 10 yr 3.22 32.1 31.7 0.9 %0:7 0.06 0.04

9.6 %1 kpc 71.2 4305.1 4267.8 77.3 %45:8 3.6 2.2

50 11.6 10 yr 0.24 15.8 15.7 0.3 %0:2 0.01 <0:01

9.4 %1 kpc 23.1 3533.1 3504.8 53.5 %28:7 2.3 1.2

108 108 100 6.8 10 yr 0.07 31.6 31.4 0.2 %0:07 <0:01 <0:01

6.4 %1 kpc 15.8 9396.3 9355.7 58.3 %19:9 1.6 0.5

50 5.4 10 yr 0.005 15.8 15.7 0.06 %0:02 <0:01 <0:01

5.3 %1 kpc 1.62 5061.4 5045.8 20.8 %5:8 0.5 0.1

PRL 109, 081104 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

24 AUGUST 2012

081104-3

directly from Mingarelli et al, PRL 109, 081104 (2012) 
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Conclusions

37

Conclusions

� pulsar term can be used to map the evolution of a SMBHB

over the Earth-pulsar baseline. This will only be possible with

future detectors as:

� the pulsar term needs to be detectable

� can measure the distance to the pulsar to better than

∆Lp < 0.01(f /100nHz)−1
pc and might need angular

resolution of 3(100nHz/f )(1 kpc/Lp) arcsec

� the resolvable SMBHB is sufficiently massive and high

frequency

� need to use the full precession equations, not just simple

precession.

Chiara M. F. Mingarelli on behalf of K. Grover, T. Sidery, R.J.E. Smith and A. Vecchio: University of Birmingham, UK

Measuring the evolution of a super-massive black hole binary using Pulsar Timing Arrays
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All is not lost!

38

Conclusion: on the bright side...

� If we can do this, PTAs can yield non-trivial information

about the non-linear pN behaviour of gravity.

� Can do parameter estimation done on the map made by using

the pulsar terms, which will improve with the number of

pulsars, will enable us to estimate the mass and spin of the

SMBHB.

� This work has now been submitted as C.M.F. Mingarelli, K.

Grover, T. Sidery, R. Smith, A. Vecchio (2012).

Chiara M. F. Mingarelli on behalf of K. Grover, T. Sidery, R.J.E. Smith and A. Vecchio: University of Birmingham, UK

Measuring the evolution of a super-massive black hole binary using Pulsar Timing Arrays
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• Following accumulation of many TOAs, 
Taylor expand rotation frequency         
about a model value    , at some reference 
epoch    . The model pulse phase is:

• here    is the SSB time,    is the pulse phase 
at     .

•  Use SSB for inertial reference frame.

Model pulse phase

41

Ω =
2π

P
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d. This has so far only been measured for five nearby millisecond pulsars [329, 373, 213, 342, 215].

The term ∆trel represents the Einstein and Shapiro corrections due to general relativistic time

delays in the solar system [17]. Since measurements can be carried out at different observing

frequencies with different dispersive delays, TOAs are generally referred to the equivalent time

that would be observed at infinite frequency. This transformation is the term ∆tDM (see also

Equation (1)).

Following the accumulation of a number of TOAs, a surprisingly simple model is usually suffi-

cient to account for the TOAs during the time span of the observations and to predict the arrival

times of subsequent pulses. The model is a Taylor expansion of the rotational frequency Ω = 2π/P
about a model value Ω0 at some reference epoch T0. The model pulse phase

φ(T ) = φ0 + (T − T0)Ω0 +
1

2
(T − T0)

2Ω̇0 + . . . , (10)

where T is the barycentric time and φ0 is the pulse phase at T0. Based on this simple model, and

using initial estimates of the position, dispersion measure and pulse period, a “timing residual” is

calculated for each TOA as the difference between the observed and predicted pulse phases.

A set of timing residuals for the nearby pulsar B1133+16 spanning almost 10 years is shown

in Figure 22. Ideally, the residuals should have a zero mean and be free from any systematic

trends (see Panel a of Figure 22). To reach this point, however, the model needs to be refined in a

bootstrap fashion. Early sets of residuals will exhibit a number of trends indicating a systematic

error in one or more of the model parameters, or a parameter not incorporated into the model.

From Equation (10), an error in the assumed Ω0 results in a linear slope with time. A parabolic

trend results from an error in Ω̇0 (see Panel b of Figure 22). Additional effects will arise if the

assumed position of the pulsar (the unit vector ŝ in Equation (9)) used in the barycentric time

calculation is incorrect. A position error results in an annual sinusoid (see Panel c of Figure 22).

A proper motion produces an annual sinusoid of linearly increasing magnitude (see Panel d of

Figure 22).

After a number of iterations, and with the benefit of a modicum of experience, it is possible to

identify and account for each of these various effects to produce a “timing solution” which is phase

coherent over the whole data span. The resulting model parameters provide spin and astrometric

information with a precision which improves as the length of the data span increases. For example,

timing observations of the original millisecond pulsar B1937+21, spanning almost 9 years (exactly

165,711,423,279 rotations!), measure a period of 1.5578064688197945±0.0000000000000004 ms [185,

181] defined at midnight UT on December 5, 1988! Measurements of other parameters are no less

impressive, with astrometric errors of ∼ 3 µarcsec being presently possible for the bright millisec-

ond pulsar J0437−4715 [388].

4.3 Timing stability

Ideally, after correctly applying a timing model, we would expect a set of uncorrelated timing

residuals with a zero mean and a Gaussian scatter with a standard deviation consistent with the

measurement uncertainties. As can be seen in Figure 23, this is not always the case; the residuals

of many pulsars exhibit a quasi-periodic wandering with time.

Such “timing noise” is most prominent in the youngest of the normal pulsars [253, 83] and

present at a lower level in the much older millisecond pulsars [185, 9]. While the physical processes

of this phenomenon are not well understood, it seems likely that they may be connected to super-

fluid processes and temperature changes in the interior of the neutron star [3], or to processes in

the magnetosphere [75, 74].

The relative dearth of timing noise for the older pulsars is a very important finding. It implies

that the measurement precision presently depends primarily on the particular hardware constraints
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